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i
Zusammenfassung
Wir präsentieren eine homogene Zusammenstellung und Analyse von Radiorelikten
in durchgeführten und synthetischen Himmelsdurchmusterungen bei 1.4GHz. Unser
Ziel ist es, die Physik der kosmischen Strahlung und die magnetischen Eigenschaften
des Haufengases (engl. intracluster medium, ICM) zu bestimmen.
Als Datenbasis stellen wir einen aktualisierten Katalog von Radiorelikten innerhalb
der NRAO VLA Sky Survey (Condon et al., 1998) zusammen. Für die synthetische
Himmelsdurchmusterung verbessern wir den von uns in Nuza et al. (2017) entwick-
elten Ansatz, indem wir die Verstärkung von Magnetfeldern durch Stoßkompression
und die Unvollständigkeit der Durchmusterung gegenüber kompakten Radiorelikten
sorgfältiger betrachten. Wir untersuchen das Synchrotronemissionsmodell von Hoeft
and Brüggen (2007), welches diffuse Stoßbeschleunigung (engl. diffusive shock ac-
celeration, DSA) von thermischen Elektronen des Haufengases beschreibt.
Wir führen erstmals eine likelihood-freie Parameterabschätzung der Eigenschaften
des Haufengases mittels einer Approximativen Bayesianischen Berechnung durch.
Diese Abschätzungsmethode basiert auf dem Auswählen von synthetischen Him-
melsdurchmusterungen nach größtmöglicher Ähnlichkeit zu den Beobachtungsdaten.
Während eine deutliche Übereinstimmung in Detektionshäufigkeit und Leuchtkraft-
Größenverteilung von Relikten erzielt werden kann, tendieren beobachtete Relikte
weiter zur Peripherie der Galaxienhaufen und weisen ein im Mittel steileres Spektrum
auf. Der geschätzte Anteil der thermalisierten Stoßwellenenergie, welcher durch DSA
in die Elektronen fließt, ist log10(𝜉e) = 5.0 ± 0.2 bei Magnetfeldstärken des Haufen-
gases von log10(𝐵0∕𝜇G) = 1.4+0.7−0.7 + 0.53+0.40−0.49 log10(𝑛e∕10−4 cm−3). Das Modell
lässt darauf schließen, dass die Hälfte der Relikte mit spektralen Flussdichten über
3.6mJy noch unentdeckt ist. Zuletzt zeigen wir, dass eine Erweiterung des Modells
mit bereits vorhandenen hoch-relativistischen Elektronen im Haufengas die Überein-
stimmung mit der Datenbasis nicht signifikant verbessert.
Unsere Arbeit zeigt, wie die Kombination von Himmelsdurchmusterungen und
kosmologischen Simulationen zur Modellbildung genutzt werden kann, Radiorelikte





We present the compilation of a homogeneous sample and analysis of radio relics
found in actual and mock sky surveys at 1.4GHz. We aim at setting constraints on
the physics of cosmic ray (CR) electrons and the magnetic fields in the intracluster
medium (ICM).
As the observational data, we compile an updated catalog of radio relics found
in the NRAO VLA Sky Survey (Condon et al., 1998). For the synthetic sky
survey, we improve the scheme that we developed in Nuza et al. (2017) by
considering amplification of magnetic fields through shock compression and a more
careful consideration of the survey incompleteness towards compact radio relics.
We investigate the synchrotron emission model of Hoeft and Brüggen (2007) -
corresponding to diffusive shock acceleration (DSA) of electrons of ICM electrons
from the thermal pool.
We are the first to present the results of a likelihood-free parameter inference on
ICM properties with approximate Bayesian computation. This approach is based
on ranking samples of synthetic sky surveys against the observational data, each
trial with an individual set of model parameters. While considerable agreement
in detection counts and power-size distribution can be reached, observed relics
tend to be farther away and have on average steeper integrated spectral index
than their simulated counterparts for all reasonable parameter sets. The estimated
fraction of thermalized shock energy put into electrons by the DSA mechanism is
log10(𝜉e) = 5.0± 0.2 at an ICM magnetic field strength of log10(𝐵0∕𝜇G) = 1.4+0.7−0.7 +
0.53+0.40−0.49 log10(𝑛e∕10
−4 cm−3). The model also suggests that half the relics above a
flux density of 3.6mJy are yet undiscovered. Lastly, we show that an expansion of
the modeling including a population of pre-existing CR-electrons in the ICM does
not significantly improve the match between model and data.
Our work demonstrates how the combined usage of sky surveys and cosmological
simulations can be used to infer model parameters. Radio relic surveys, in particular,
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Radio Relics in Galaxy Clusters
To try to write a grand cosmical drama leads necessarily to myth.
To try to let knowledge substitute ignorance in increasingly large
regions of space and time is science.
Hannes Alfvén in ‘Cosmology: Myth or Science?’ (1984)
Due to observations and simulations we know that matter on cosmological scales is
distributed in a foam-like structure of large under-dense volumes, separated by lower
dimensional structures of higher density. Galaxy clusters constitute the nodes of this
matter distribution. They are convergence zones of matter flows thus comprising the
largest virialized systems in our universe. A typical galaxy cluster contains hundreds
of galaxies embedded in a Mpc-size dark matter halo, as well as a large amount of hot
plasma permeating the clusters volume. This intracluster medium (ICM) represents
most of the baryonic mass in galaxy clusters.
Mergers with other galaxy clusters or groups of galaxies and the infall of gas onto
the clusters drive turbulence and shocks within the ICM. From these disturbances,
particles in the ICM can gain energy through plasma interactions. Some electrons are
accelerated to highly relativistic energies and form a population of cosmic rays. In
the presence of magnetic fields the latter emit synchrotron radiation. We know about
these processes because we observe the resulting synchrotron radio emission in galaxy
clusters with radio telescopes. This so-called diffuse radio emission incorporates
phenomena known as radio relics, radio halos, and radio mini-halos.
These phenomena are viable probes of the ICM’s properties and the dynamical
processes in galaxy clusters. In particular, radio relics can be used to infer the
properties of magnetic fields and cosmic ray electron populations in the cluster
outskirts. There is compelling evidence that radio relics trace galaxy cluster merger
shocks. Therefore, it is proposed that the observed radio emission is the result of
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diffusive shock acceleration, a type of first-order Fermi acceleration, whereby charged
particles gain energy by successively crossing a shock boundary.
The work presented in this thesis aims at putting constrains on the physics of the
radio relic phenomenon. We pursue these objective by performing a joint comparison
of radio relics mapped by sky surveys and radio relics that are modeled in large
cosmological simulations. The structure of this work is as follows: In this chapter
we give a brief review of our knowledge about galaxy clusters (Sec. 1.1) and of the
radio relics found in these systems (Sec. 1.2). This will be followed in Sec. 1.2.4
by an outline of open questions about radio relics and the approach adopted here to
answer them. In Cha. 2, we describe the procedure employed to build up a radio
relic object catalog from the NRAO VLA Sky Survey (NVSS, Condon et al., 1998)
in a cohesive manner. In Cha. 3, we describe our approach to create an equivalent
mock sky survey from existing cosmological simulations. We apply this scheme on
the Marenostrum-MultiDark SImulations of galaxy Clusters second simulation suite
(MUSIC-2, Sembolini et al., 2013) cosmological simulation and compare it with the
real sky survey. By introducing and applying the method of approximate Bayesian
computation in Cha. 4, we constrain the parameters of our model and discuss their
implications on the origin of radio relics.
1.1 Galaxy Clusters
Galaxy clusters are aggregations of dark matter, galaxies, and intermittent hot
plasma (Fig. 1.1) with mass fractions of about 85 percent, 2 percent, and 13 percent,
respectively. The formation of galaxy clusters is mainly driven by gravity. Starting
from primordial density fluctuations, gravity amplifies the growth of the high-density
peaks giving rise to present-day collapsed regions with densities several hundred
times larger than the average density of the Universe. In dynamical equilibrium, i.e.
with continuous accretion, the dark matter distribution evolves a characteristic profile
with the density decreasing towards the cluster outskirts. There is no sharp boundary
between a galaxy cluster and its surroundings. This fact is expressed in terms of the
galaxy cluster region overdensity, i.e. a factor ofΔc compared to the critical density 𝜌c
of the Universe. Typical overdensity values used are Δc = 500, 200, where the latter
is used because it is similar to the density at which any volume becomes virialized,
i.e. collapses within a ΛCMD cosmology. The radius 𝑅Δ𝑐 of the galaxy cluster is
the radius of the spherical region in which the averaged density equals Δ𝑐 times the
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FIGURE 1.1: Redshift evolution of a slice through a simulated box of 106.5Mpc
comoving size (right to left), illustrating the spatial correlation of dark matter density
(top) and plasma density (bottom). Adapted from the Illustris Simulation (Nelson
et al., 2015)
critical density (White, 2001):
𝜌Δ𝑐 = Δ𝑐𝜌c . (1.1)
The most massive observed galaxy clusters have 𝑅200 of 2 − 3Mpc. The galaxy
cluster mass within 𝑅Δ𝑐 is given by
𝑀Δ𝑐 = 4𝜋 ∫
𝑅Δ𝑐
0
𝑟2𝜌(𝑟) d𝑟 . (1.2)
Galaxy clusters grow with time through accretion of gas and mergers with other
galaxy clusters. The growth of galaxy clusters is a hierarchical process. Under
the assumptions of self-similarity and spherical collapse Press and Schechter (1974)
derived a formalism for the gravitational growth of structures. It results in a prediction
of the number density of clusters within a given mass-range, and was the first
quantitative model to explain the mass distribution of galaxy clusters (comp. Fig. 1.2).
The mass-function and their co-spatial distribution depend sensitively on the initial
conditions of the Universe. This is why statistics based on galaxy cluster distributions
are an excellent tool for precision cosmology (Abell, 1958; Bocquet et al., 2016; de
Haan et al., 2016; Böhringer et al., 2017).
The first galaxy cluster catalogs were compiled through optical studies of galaxy
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FIGURE 1.2: Mass function of galaxy clusters adapted from Bahcall and Cen (1993,
Fig. 1). The sample is compiled from nearby galaxy clusters measured in optical and
X-ray. The mass-spectrum forms a power law with exponential cutoff towards the
high-mass end, as predicted by Press and Schechter (1974). The scaling variable ℎ
refers to reduced Hubble constant, 𝐻0∕(70 km 𝑠−1Mpc−1).
clustering (Abell, 1958; Abell et al., 1989). Nowadays, the detection and study of
galaxy clusters is supplemented by a number of other techniques. Further methods
aim for detecting the galaxies that are part of clusters in infrared (Wylezalek et
al., 2014) and radio studies (Daddi et al., 2017). Others probe the distribution
of matter through weak lensing (Okabe and Smith, 2016). Another viable option
is the detection of the diffuse plasma in-between cluster galaxies through X-
ray observations (Giacconi et al., 1972; Böhringer et al., 2017), and by the
thermal-Sunyaev-Zeldovic effect (Sehgal et al., 2013; Planck Collaboration et al.,
2016), where electrons from the intermittent plasma up-scatter cosmic microwave
background photons.
1.1.1 The intracluster medium
The intracluster medium (ICM) constitutes the baryonic matter permeating the galaxy
cluster, i.e. not bound to any local structures like galaxies. Mergers of clusters,
infalling clumps of matter (Zuhone and Markevitch, 2009), and central active galactic
nuclei (AGNs, Yang and Reynolds, 2016) stir this medium. This kinetic energy is
subsequently deposited into the ICM through the turbulent cascade and shocks.
As a result, the ICM is heated to temperatures of about 107−8K. Because of these
high temperatures, galaxy clusters exhibit strong thermal bremsstrahlung which was
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first confirmed by the UHURU sky survey (Giacconi et al., 1972). The thermal
bremsstrahlung of electrons scattered on positively charged nuclei in plasmas is also
referred to as free-free emission. Its emissivity 𝜖f f traces the electron number density
𝑛e and kinetic temperature 𝑇 of the ICM. For a thermal plasma with Solar elemental
abundances, the bolometric bremsstrahlung emissivity is given by:








erg s−1 cm−3 (1.3)
with 𝑛e ranging from 10−2 cm−3 at the cluster core to 10−4 cm−3 at a distance of
𝑅200. The thermal bremsstrahlung makes the most massive galaxy clusters detectable
as extended X-ray sources with integrated luminosities of 𝐿𝑋 ∼ 1043−45erg s−1.
This is why surveys with X-ray satellite proved to be very successful in detecting
galaxy clusters. Thermal bremsstrahlung is the main cooling mechanism in galaxy
clusters counteracting the heating due to the gravitational infall of matter and galactic
outflows.
FIGURE 1.3: Composite image of the massive merging ‘Bullet’ cluster 1E 0657-558
depicting the X-rays emitted by hot gas (magenta, Chandra X-ray by Markevitch,
2006), and the suggested separated dark matter distribution (blue, Magellan optical
weak lensing by Clowe et al., 2006). Added is a true-color Hubble observation.
The Coulomb mean free path 𝜆𝐶 of a thermal ion of temperature 𝑇 in the ICM of
density 𝑛 is:








Below a scale of ∼ 20 kpc the ICM is foremost a collisionless plasma and its
viscous behavior is not mediated through Coulomb interactions, but rather collective
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electromagnetic interactions (Sarazin, 1986; Brunetti and Lazarian, 2011).
Measures of the magnetic field strength in galaxy clusters are relatively sparse:
Faraday Rotation Measures are used to estimate how the rotation angle of polarized
emission changes when it travels through a magnetized medium. They can be used to
infer the magnetic field strength of the medium between a source of polarized radio
emission and the observer. Bonafede et al. (2010) used this technique to estimate the
magnetic field strength in the ICM of the Coma cluster. These measures reveal field
strengths of 0.1 − 1.0 𝜇G in the cluster outskirts and roughly 10 𝜇G in the cluster
center. This and other studies of this kind are consistent with a power-law density
scaling of the magnetic field with an exponent of 0.4 to 0.7 (Govoni et al., 2017).








(𝑘𝐵: Boltzmann constant, 𝜇0: vacuum permeability) is high in the ICM, i.e. larger
around 10. We call this a high 𝛽-plasma (Marinacci et al., 2018, Sec. 3.1; Fig. 3).
The implication is that its large-scale dynamic behavior can mostly be described by
hydrodynamics which stands in contrast to the colder interstellar medium in galaxies
(Marinacci et al., 2018). Interestingly, at smaller scales magneto-hydrodynamical
phenomena become the governing factor.
Simulations by Vazza et al. (2017) show that based on the different possibilities
of magnetogenesis the volume filling factor and power spectra of the magnetic
fields can differ widely. The origin of the ICM’s magnetic field is subject of
active research but its genesis through a multi-staged process is likely. Starting
with amplification through adiabatic compression, any primordial magnetic field is
most likely superseded in galaxy clusters by magnetic seeding from active galactic
nuclei (AGN)s (Hoyle, 1969), galactic winds (Yoel Rephaeli, 1988) or star formation
(Pudritz and Silk, 1989). Additional amplification by a small-scale turbulent dynamo
also likely occurs in the cluster environment (Vazza et al., 2014; Cho, 2014).
Magnetic fields in galaxy clusters are not pristine, but rather the result of their
formation process.
1.1.2 Cluster merger shocks
X-ray observations of galaxy clusters reveal two kinds of brightness discontinuities,
i.e. shocks and cold fronts in the ICM. While cold fronts are zones in pressure
equilibrium, a shock front is not. As shock fronts propagate at supersonic speeds
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they force a discontinuity of the hydrodynamic quantities like pressure, density, and
temperature within the medium. We refer to regions before and after a shock front as
up- and downstream, also as pre- and postshock, respectively.
FIGURE 1.4: Simulation of the massive merging ‘Bullet’ cluster 1E 0657-558
showing the bolometric bremsstrahlung of the two sub-components of a mass ratio
10:1 at different times after both cluster components approaching their mutual virial
radii 𝑅vir ∼ 1.2𝑅200. Jumps in the brightness map can be seen, which at the
later stages correspond to  ∼ 3 shocks. The middle panel shows a snapshot
that resemble observations of the actual system. Adapted from Springel and Farrar
(2007).
 ∼ 3 shock
The Rankine-Hugoniot conditions apply to shocks in the collisionless ICM in the
same way as in their hydrodynamic counterparts (Landau and Lifshitz, 1959). The
strength of the discontinuity or jump is governed by the Mach number
 ∶= 𝑣shock∕𝑣sound,upstream (1.6)
i.e. the ratio of upstream flow velocity 𝑣shock to the upstream speed of sound
𝑣sound,upstream. Those conditions result in following relation for an oblique shock,
with  > 1, that expands into a homogeneous medium (a so-called quasi-stationary
shock) with the adiabatic index Γ = 5∕3:
𝑃2
𝑃1
= 1 + 5
4
(2 − 1) , (1.7)
where 𝑃1 is the preshock and 𝑃2 the postshock pressure. Discontinuities also appear

















= 𝐶 , (1.9)
with the compression factor 𝐶 approaching a value of four at strong shocks (Fig. 1.5),
while temperature- and pressure-ratios scale by the square of the Mach number.
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FIGURE 1.5: Shown are the ratio of pressure 𝑃 , temperature 𝑇 , and density 𝜌 at a
shock discontinuity due to the Rankine-Hugoniot equations (Eq. 1.7-1.9).
At galaxy cluster scales there are merger-, infall-, and accretion shocks (Zinger et
al., 2018; Hurier et al., 2019). These are caused by the infall of galaxy clusters,
groups and non-virialized gas, respectively. The former two reach bulk motions
of ∼ 1500 km∕s and can penetrate or disturb the cluster core. Accretion shocks
are limited to the galaxy clusters’ outskirts, where non-virialized gas first becomes
shocked and compressed. The amount of gravitational energy dissipated during
galaxy cluster mergers is a considerable fraction of the total bounding energy, which
is of the order 1060 erg. The dissipated energy is channeled into the heating of the
ICM (Ryu et al., 2003), magnetic field enhancement, and the acceleration of cosmic
rays.
1.1.3 Cosmic ray electrons and their energetic losses
The fact that the ICM is a collisionless plasma at the scale of shock-physics means that
particles can become accelerated through electromagnetic interactions before they
are thermalized through collective damping (Longair, 2011, e.g.). The non-thermal
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where 𝑚 is the rest mass. While CRs force an additional non-thermal pressure in the
ICM, measures of profiles of hydrostatic masses and intracluster gas fraction suggest
that the median non-thermal pressure is low compared to the thermal pressure (Eckert
et al., 2019, of 6% and 10% at 𝑅500 and 𝑅200, respectively).
Due to the Lorentz force, CR particles in the ICM follow a helical path along the
field lines, with 𝜂 being the pitch angle between the magnetic field vector B and the
particle’s velocity vector 𝐯. While being under constant acceleration in a magnetic
field those CRs emit synchrotron radiation within a cone of half-angle 𝛾−1. The
synchrotron spectrum of a particle with charge 𝑞 peaks close to the critical angular




𝑞≐𝑒, 𝑚≐𝑚e∼ 26.4Hz 𝐵
1𝜇G
𝛾2 . (1.11)
For frequencies much higher than 𝜔𝑐∕2𝜋, the synchrotron radiation is negligible.
At radio frequencies of 𝜈 ∼ 400MHz and ICM magnetic field strength of ∼ 𝜇G,
electrons with 𝛾 ∼ 104 are observed. Hence, radio astronomy provides information
about high-energy cosmic ray electrons (CRes) in galaxy clusters.
The emitted bolometric synchrotron power ?̇?syncr of a CR particle depends quadratic






At radio frequencies accessible from the Earth’s surface, the synchrotron emission of
electrons dominates over the one from protons. Our further considerations will hence
concern CR-electrons. When averaging over an isotropic distribution of pitch angles










A second energy loss mechanism for electrons within the ICM is the inverse
Compton (IC) scattering - the very same mechanism that is responsible for the
thermal-Sunyaev-Zeldovic effect. Cosmic microwave background (CMB) photons
are scattered to higher energies at the ICM electrons. This results in an energetic loss
of the ICM electrons of the power:
?̇?IC ∝ 𝛾3𝑈CMB . (1.14)
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Because both synchrotron and inverse Compton losses have the same dependency
on 𝛾 , one can treat the energy density 𝑈CMB as a redshift-dependent equivalence
magnetic field strength 𝐵CMB (Klein and Fletcher, 2014)1:
𝐵CMB = 3.25 ⋅ (1 + 𝑧)2 𝜇G . (1.15)
If only these two losses were present, low-energy CRes would accumulate within the
ICM. However at 𝛾 ≲ 100 energy losses due to the mentioned thermal bremsstrahlung
become more relevant. In addition, losses due to Coulomb scattering become
important (Y. Rephaeli, 1979). The latter is density dependent and becomes the major
energetic loss for intermediate 𝛾 at electron densities above 10−5cm−1:
?̇?Coulomb ∝ 𝛾2𝑛e . (1.16)
The characteristic emissivity is:










At a constant injection rate of CRes the equilibrium energy distribution will be shifted
towards lower energies in a denser medium. The characteristic lifetime 𝜏 of a CR
particle due to all these combined losses can be computed as:
𝜏 = 𝐸kin∕?̇? (1.18)
𝜏e,ICM =
(𝛾 − 1)𝑚e𝑐2
?̇?syncr + ?̇?IC + ?̇?Coloumb
. (1.19)
with 𝐸kin being the (relativistic) kinetic energy. The combined effect of these
energetic losses is called particle aging. Fig. 1.6 shows that since 𝑧 ≲ 0.8 electrons
that lost most of their energy through synchrotron or inverse Compton cooling can
accumulate in the cluster outskirts as their loss-timescale becomes comparable to the
typical occurrence time of major merger events, ie. several Gyr.
Whilst the radiative losses of CR protons in the ICM are far from any detection,
the synchrotron emission of CRes is detected in the form of so-called diffuse radio
emission. This type of emission is a volume filling type of synchrotron radiation that
permeates the ICM (Feretti et al., 2012). There are four different classes of diffuse
radio emission detected in galaxy clusters of diverse dynamic states: giant radio relics,
radio phoenices, giant radio halos, and radio mini halos (van Weeren et al., 2019).
1Taken from shortly before equation 2.43 Klein and Fletcher, 2014
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FIGURE 1.6: Cooling time of CRes for typical conditions in the ICM plotted of
their relativistic impulse. The chosen magnetic fields are similar 𝐵CMB at 𝑧 = 0.1,
0.6, and 1.2. Electrons with a Lorentz-factor of 𝛾 ∼ 30 can reach a characteristic
lifetime larger than the Hubble time if injected in cluster outskirts (𝑛𝑒 ∼ 10−5 cm−3)
with magnetic fields of ∼ 4𝜇G. Adapted from Enẞlin et al. (2011)
All classes of diffuse emission share the so-called diffusion problem: the size of
observed structures and the relatively short timescales at which this CRes age,
are incompatible with local acceleration and diffusion across the cluster volume
(comp. Fig. 1.6). However, one possible for the non-locality is a connection with
dynamical processes in galaxy clusters that are coherent on scales ≳ 100 kpc (Ensslin
et al., 1998; Enẞlin et al., 2011).
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1.2 Giant Radio Relics
Giant radio relics, also referred to as radio gischt or (cluster) radio shocks, are
synchrotron emission sites found in downstream regions of galaxy cluster shocks. The
synchrotron emission stems from CRes. At those high high-energy levels, the CRes
must have been accelerated within the last dozen of million of years. The leading
hypotheses is that this (re-)acceleration occurs at the shock fronts produced in galaxy
cluster mergers (Ensslin et al., 1998; van Weeren et al., 2019). In particular, radio
gischt *shares* a set of observational properties (Feretti et al., 2012, also Fig. 1.7):
(1) They are found in massive galaxy cluster that show signs of merging activities.
There is strong evidence that this gischt traces shock fronts based on numerous
detections of temperature-discontinuities equivalent to  = 2 − 4 shocks at
radio relics (e.g. Finoguenov et al., 2010).
(2) Within the GHz-regime the flux density 𝐹 (𝜈) of most radio relics exhibit a
power-law-like integrated spectrum of their flux density






with 𝐹0 as reference flux density at the frequency 𝜈0 and with the integrated
spectral index 𝛼int ≲ −1.
(3) They are elongated and concavely bent towards the cluster center. The spectrum
is flattest at the outer edge of the relic with 𝛼inj ≈ 𝛼int + 0.5 (comp. Eq. 1.23)
and steepens gradually towards the cluster center.
(4) The emission is strongly linearly polarized, with the B-vectors parallel aligned
to the shock surface and fractional polarizations up to 40 percent at frequencies
5 − 10GHz (Kierdorf et al., 2017; Loi et al., 2017).
Originally, Kempner et al. (2004) introduced the convention that first differentiated
between radio gischt and phoenices. Radio phoenices, in contrast to radio gischt, have
a spectrum steeper than 𝛼int < −1.7 which bends downwards at higher frequencies.
In general, they also have a smaller size of around 100 kpc and tend to be located
closer to the center of the cluster (Feretti et al., 2012). It is reasonable to assume that
those common properties provide insights about the formation mechanism of these
structures. The leading hypotheses for the existence of phoenices is that they are the
result of shock compression and re-energization of aged plasma which got expelled
from AGNs (van Weeren et al., 2019). Sometimes aged plasma is detected in the form
of so-called AGN relics, which are considered potential precursors of radio phoenices.
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FIGURE 1.7: The Sausage relic in CIZA J2242.8+5301 exhibits spectral steepening
towards the cluster center (left) and has aligned linear polarization vectors (right,
perpendicular to the magnetic field vectors). Both properties are typical for giant
radio relics. Adapted from van Weeren et al. (2010)
Conversely, gischt is supposed to stem from FERMI-I type acceleration of electrons
at merger shocks (see Sec. 1.2.1).
Some merging galaxy clusters host relics on opposing sides of the cluster. These
objects are called double relics. Both simulations and the mass distribution in galaxy
clusters suggest that double relics may occur when two clusters of comparable mass
merge with a low impact parameters and are observed edge-on, i.e. with the merger
axis being orthogonal to our observers perspective (Roettiger et al., 1999).
Observations of radio relics with X-ray telescopes suggest that the acceleration of
electrons to CR-energies occurs close to the shock discontinuity (van Weeren et al.,
2019). Under the assumption that the synchrotron emission of radio relics stems
from a CR population aging downstream a quasi-stationary shock Hoeft and Brüggen
(2007) derived a closed expression of the width of the radial synchrotron profile at
which the flux density decreased to 30 percent of the peak flux density. For relics with
 ∼ 3 the maximum possible width (reached for a magnetic fields around 2𝜇G):






and roughly inverse-proportional the observing frequency. While we can resolve the
downstream structure of radio relics with present day radio telescopes the downstream
structure of the shock with a scale of few kpc will remain ellusive until the next
generation of X-ray telescopes (Markevitch, 2006; Mushotzky et al., 2019).
Understanding the acceleration mechanism in radio relics requires information about
the present CR population, its history and the magnetic fields in the outskirts of galaxy
clusters. In the next four subsections we discuss further insights on the CR population
14 Chapter 1. Radio Relics in Galaxy Clusters
starting with the diffusive shock acceleration (DSA) mechanism, which is one of the
main drivers of CR-acceleration in astrophysical shocks.
1.2.1 Diffusive shock acceleration
Diffusive shock acceleration (DSA) is a first-order Fermi acceleration process. DSA
already was identified as a key mechanism for the CR generation in supernova
remnant shock shells (Lagage and Cesarsky, 1983; Lee et al., 2012), solar flares,
and in Rayleigh-Taylor instability regions of highly relativistic extragalactic jets. In
FIGURE 1.8: A sketch of the DSA mechanism taken from Treumann (2009,
Fig. 43): An energetic particle gets injected from the shock to the upstream medium.
With a certain chance the particle is scattered back from waves. Under these
circumstance upstream and downstream waves act as approaching magnetic mirrors.
Reflection on impeding upstream waves gives the particle more energy than it loses
by being reflected at downstream waves. The particles energy increases successively
proportional to the velocity of the shock 𝑣𝑠 (first-order) until it escapes from the
shock to free space as a CR.
the DSA-process charged particles gain energy by successively traveling across the
shock boundary (Fig. 1.8) until they reach the highly-relativistic energies typical of
CRs (Blandford and Eichler, 1987; Baring, 1997). This mechanism requires that the
particles have large-enough Larmor radii for the shock to be considered as an infinitely
thin boundary separating two regions of different plasma properties. Consequently,
this mechanism is only efficient for particles of sufficiently high energies, i.e. several
GeV. While for many astrophysical phenomena this requires an existing population
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of pre-accelerated electrons, Ensslin et al. (1998) and Miniati et al. (2001) proposed
that the high-energy tail of thermalized gas in galaxy clusters could yield electrons
of sufficiently high energies to trigger DSA at cluster merger shocks.
Attempts to draw stringent conclusions on the latter are, however, not free of
difficulties: Simulations of the DSA process of both electron and proton population
are computational unfeasible and limited to extrapolations. Scales involved range
from the electron gyroradius up to to several hundreds of proton gyroradii.As
an approximation to the problem, several groups have worked on semi-analytical
solutions for the DSA mechanism at  < 10 shocks within the ICM (Hoeft and
Brüggen, 2007; Kang et al., 2012).
If DSA is efficient enough, it will result in a power-law CR electron population in
momentum space. In this case, the injection index directly after the shock, 𝛼inj, is





with 𝑝inj = 2
1 +2
1 −2
< −2 . (1.22)
For a quasi-stationary shock, i.e. a shock that expands into a homogeneous medium,
the integrated downstream flux density will follow a power-law with spectral index




which conforms to the observations of radio relics (Eq. 1.20). The resulting radio
structures will resemble radio relics in their aforementioned key features.
If DSA is performed on thermal ICM electrons then only shocks > 2.5 are efficient
at accelerating electrons (Fig. 1.9), implying that there should be no radio relics at
weak shocks if thermal-pool DSA is the single mechanism at work in merger shocks.
However, several cases of radio relics are known that have an integrated spectral index
𝛼int < −1.4, corresponding to Mach numbers smaller than 2.5 (e.g. A1682 NW).
They provide evidence for additional acceleration mechanisms at work in the ICM or
the existence of a non-thermal population of electrons that contributes to DSA.
The details of the plasma processes in the ICM - considered as micro-physics at
the scale of galaxy clusters - are largely unknown and additional pathways for
particle acceleration do exist (Brunetti and Jones, 2014). For instance, shock drift
acceleration (SDA) is supposed to work efficiently on low Mach number shocks and
lower energetic electrons (Guo et al., 2014a; Guo et al., 2014b). Because of this, SDA
could have a significant impact as a pre-acceleration path for DSA in galaxy clusters.
16 Chapter 1. Radio Relics in Galaxy Clusters
One finding by Guo et al. (2014a) that makes a joint contribution of SDA and DSA
likely is that SDA strongly favors the acceleration of electrons over protons. Hence,
SDA relaxes the tension on the detection of low Mach number relics (Sec. 1.2.2) and
the non-detection of CR-protons in galaxy cluster cores (Ackermann et al., 2016).
1.2.2 Pre-existing cosmic ray electrons
Once electrons are accelerated to ultra-relativistic energies they age, i.e. lose their
energy by inverse-Compton and synchrotron losses. If they remain with energies
well above their rest-mass energy (𝑚𝑒𝑐2 = 0.511MeV) they can become more easily
injected into the DSA process. This concept is referred as re-acceleration of pre-
existing CR electrons. A possible prevalence of pre-existing CRes in present-day
galaxy clusters arises from a local minimum of aging at a Lorenz-factor of a few
(Fig. 1.6). Arguments in favor of pre-existing CRes are energetic requirements, the
discovery of low Mach numbers relics, and possible physical connections of relics
with AGNs:
• Colafrancesco et al. (2017) argue that the absence of any correlation between
radio power and Mach number in radio relic statistics indicates that the radio
relic properties are mainly governed by pre-existing CR electron populations.
• Kang et al. (2012) and Vazza and Brüggen (2014) argue that there is evidence
for pre-existing CRes based on the brightness profile and total brightness of
certain radio relics. Kang (2017) further elaborate on the case of the ’Sausage’
relic by assuming pre-existing electrons and post shock turbulence.
• Shimwell et al. (2015) suggest that the compact region accounting for 98
percent of the radio emission in the radio relics of the Bullet cluster might be
due to the prevalence of fossil plasma which didn’t had time to diffuse further.
• Simulations by Pinzke et al. (2013) show that depending on the cooling history
pre-existing CRes can influence the DSA efficiency in the > 0.8𝑅200 outskirts
of a galaxy cluster. They also derive predictions for the emission of relics
of varying shock strength (see Fig.1.9) under the existence of a pre-existing
electron population. Their findings strongly support the idea of pre-existing
CRes for radio relic emission found at  ≲ 3 shocks.
• Macario et al. (2011) find an 𝛼int ∼ −1.9 radio structure close to an X-ray
detected cluster shock, suggesting a radio relic at a shock, that is too weak for
DSA acceleration from the thermal pool to be responsible.
1.2. Giant Radio Relics 17
• Based on a relic-AGN connection Bonafede et al. (2014) claim that there is
evidence for electron re-acceleration in the radio relic of the galaxy cluster
PLCKG287.0+32.9 based on their spatial co-occurrence and a flattening of
the relic spectral index towards the AGN. van Weeren et al. (2017) follow the
same line of reasoning for the southern relic of the galaxy cluster Abell 3411.
FIGURE 1.9: Comparison of a DSA accelerated electron spectra from the thermal
pool and pre-existing mildly relativistic CRes (Pinzke et al., 2013): While the
spectral slope resulting from the acceleration is identical for both cases the effective
normalization is not. The normalization of high-energetic CRes that stem from DSA
on pre-existing CRes is less dependent on the Mach number than in the case of DSA
on the thermal pool. Especially for  ≤ 3, depending on their prevalence, pre-
existing CRes can yield a larger accelerated electron population than thermal pool
electrons.
Studies by how much this pre-existing population of CRes influence the generation of
radio relics are only at their beginning. It is also unclear if the CR electron population
in galaxy clusters is volume-filling and prevalent or relatively local or transient.
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1.2.3 On the Mach number measurements
A comparison of the Mach numbers obtained through X-ray profiles and through
integrated spectra of radio observations reveal mismatches van Weeren et al. (2019):
It has been found that the estimates derived by means of the X-ray profile of galaxy
clusters are systematically lower than the ones derived from the integrated spectral
index of the synchrotron emission. Skillman et al. (2013) performed cosmological
magneto-hydrodynamic simulations of merging galaxy clusters. According to them,
the projection of shocks with different Mach numbers within one relic can also mimic
aging. Hong et al. (2015) also performed simulations in which they point out the
importance of the shock surface associated to relics, consisting of multiple shocks
with different Mach numbers. If the DSA efficiency has a strong dependency on the
Mach number of the shock then Mach numbers derived from synchrotron emission
could be biased towards stronger shock regions. In this respect, a significant tension
is posed by the northern relic in galaxy cluster 1RXS J0603.3+4214 (Itahana et al.,
2015) where an X-ray inferred temperature-jump suggest a Mach number of ≃ 1.5,
while investigations of the radio emission suggest ≃ 4.0 (Rajpurohit et al., 2018).
1.2.4 Population statistics of radio relics
Uncertainties about the process that leads to the observed population of radio
relics include magnetic fields in galaxy clusters (Sec. 1.1.1), particle acceleration
processes (Sec. 1.2.1), and the local population of non-thermal particles (Sec. 1.2.2).
In addition, the retrieval of some of the properties that determine the particle
acceleration, like the Mach number(s) of the shock, are also subject of systematic
uncertainties (Sec. 1.2.3).
Most of the tools used to generate synthetic radio relic populations rely on the analysis
of simulations of cosmological plasmas. Those simulations range from Particle-in-
Cell Simulations aiming to answer details about particle acceleration in the ICM (Guo
et al., 2014a), to the attempt to reproduce observed relic properties by simulating
merging galaxy clusters (Skillman et al., 2013), and to the simulation of galaxy cluster
ensembles in order to analyze them on their general synchrotron emission properties
(Hoeft et al., 2008; Vazza et al., 2012; Nuza et al., 2012; Hong et al., 2015; de
Gasperin et al., 2014; Nuza et al., 2017).
All of those techniques belong to the family of forward-modeling techniques
(Fig. 1.10). Forward-modeling occurs when a model 𝑀 is used as a generator for
data𝐷 (Press and Schechter, 1974; Marzke, 1998) – which can be further processed to
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mimic observations or experiments. Backward-modeling starts from the observable
and aims at inferring the underlying model parameters 𝜽. Both methods can be
used jointly. One could imagine a quantity that is neither fully physical nor a
real observable, but that is a useful discriminator between theory and observation
(Fig. 1.10). These quantities can be summary statistics, coefficients of a reconstructed
signal, and/or other variables that describe the structure of the data. When faced with
complex models and observations it is worth to use advanced statistical methods to



























FIGURE 1.10: Shown is the methodology of this thesis used to perform parameter
inference on the ICM processes through the radio relic population statistics.
One particular challenge of backward-modeling is posed by sky surveys of
astrophysical objects. While they in principle contain information about the physical
processes of interest, they also include a large number of nuisance parameters, i.e.
factors that are needed to take into account to explain observations, but which do not
belong to the physical problem itself. When simulating radio relics one significant
complication is the complexity of galaxy cluster growth history and resulting
uncertainties about shock fronts in the ICM. Several publications acknowledge the
value of using ensembles of simulations to better manage the intrinsic stochasticity
of galaxy cluster mergers in the cosmological context.
The main innovation in this work will be to leverage a consistent strategy to derive the
observed and simulated sample of radio relics to perform model parameter inference.
Specifically, we will use forward-modeling techniques in the form of mock sky
surveys for the inference of radio relic model parameters. Here, we present, for
the first time, a likelihood-free parameter inference on the physics of CR electron
acceleration in galaxy clusters. Applying this approach to the population statistics of
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radio relics will allow for inferences on the magnetic field strength, the acceleration
processes, and the amount of pre-existing CRes in the ICM.
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Chapter 2
The NVSS sample of radio relics
If radio relics are observed in a uniform manner, one can reasonably simplify the
process that leads from physical quantities to radio images. Surface brightness
limited sky surveys are ideal in that regards as they simplify the understanding of the
radio map generation (Carassou et al., 2017). Whilst the trade-off is less recovered
relics than are actually known from targeted observations, the advantage of such an
approach is a deep understanding of the data generation process.
Radio relics are foremost detected and described at frequencies from 0.1 to 2 GHz.
Most of the imaging of those extragalactic radio sources is accomplished by
aperture synthesis of radio interferometers. In Sec. 2.1 we describe some of the
key characteristics of this method. This motivates Sec. 2.2, where we give a brief
overview on corresponding sky surveys which mapped a large number of radio relics.
The NRAO VLA Sky Survey (NVSS, Condon et al., 1998) delivers both large survey
area and sensitivity for extended emission at 1.4GHz. It hence successfully recovers
the sample of known radio relics in the range of 𝑧 ∼ 0.05 − 0.60. This is why we
choose NVSS as the main source of our study. In Sec. 2.3 we describe the sample
of radio relics in NVSS and highlight some of its summary statistics that find use
throughout this work. We assume a flat universe, specifically the ΛCDM cosmology
with matter density fraction ΩM = 0.27, cosmological constant fraction ΩΛ = 0.73
and Hubble constant 𝐻0 = 70 kms−1Mpc−1.
2.1 Imaging radio relics with interferometers
Most investigations of radio relics are performed through radio interferometers. Radio
interferometers are arrays of receivers that allows one to record the inference patterns
of radio signals. The primary motivation is to achieve a much higher angular
resolution than for each single element. Radio interferometers can provide the
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resolution which is needed to determine the fundamental properties of radio relics
(Sec. 1.2) and discern them from other sources, most notably AGNs.
Each receiver pair (𝑖,𝑗) provides a baseline of length 𝑏𝑖,𝑗 which sample spatial
frequencies of the sky brightness distribution. The sampling of the spatial frequencies
with aperture arrays is sparse. If only an instantaneous observation is performed, we
call this a snapshot observation. If observations are taken over a considerable fraction
of the Earth’s rotation period, one and the same baselines can gather information about
an ellipse of positions in the Fourier-space. This so-called earth-rotation synthesis
increases the coverage in the Fourier space of the sky brightness distribution and
allows a better reconstruction of the sky brightness distribution. Because of this,
there is not a single, but a manifold of models of the sky brightness distribution that
can explain the data. A model of the sky brightness distribution has to be inferred
through iterative reconstruction algorithms. This procedure requires a considerable
amount of computing resources and expertise.
The highest achievable angular resolution of a radio interferometer is given by the
ratio of the observing wavelength 𝜆obs (corresponding observing frequency 𝜈obs) to













For the image reconstruction process one prefers to use a so-called restoring beam of
Gaussian shape with a ΘFWHM of 1.177 times this value. The array’s shortest baseline















above which structures will be imaged with an increasing loss of flux density.
Snapshot observations, provide a limited sampling of the largest angular scales. At
snapshot observations, hence, flux loss already occurs at a scale smaller than the
theoretical Θmax. For the arrays considered within this work snapshot observations
reduce the effective Θmax by roughly 50 percent compared to a full rotation synthesis
observation (Farnsworth et al., 2013). The image noise under best circumstances
is spatially uncorrelated and shows a Gaussian power distribution, which is why we
express it in units of root means square (rms) variance. Because interferometer images
of radio relics are always reconstructions, their resolution is not fixed but chosen in an
attempt to maximize the interpretability of the image by balancing resolution ΘFWHM
and noise variance 𝜎rms. The sky surveys of interest by default have a resolution that
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is optimized for resolved point-sources. Starting from this resolution, the increase of
the rms noise with the beam full width half maximum (FWHM) will be proportional
at best:
𝜎rms ∝ Θ1.0FWHM (2.3)
but depending on the array setup and image reconstruction will have a scaling-
exponent > 1.0. Lowering the image resolution can increase the signal/noise ratio of
an extended object, like a radio relic. The general behavior is exemplified in Fig. 2.1
where we show how the resolution can influence the measurements of size and flux of
a radio relic. In general, the best signal/noise ratio is reached, if the resolution equals
the size of the extended structure.
FIGURE 2.1: Shown is a flux density 𝑆1.5
map of the bright northern relic in 1RXS
J06+42 at 1.5 GHz central frequency
masked and imaged at resolutions of 3
(left), 12 (middle), and 45 (bottom) arc-
seconds FWHM resulting from a deep ob-
servation with the Expanded Very Large
Array (eVLA) . Contours start from 6 𝜎rms
and increase by multiples of two. 𝜎rms is
the average rms flux of the measured back-
ground being in order of deceasing res-
olution 4.0𝜇Jy∕beam, 28𝜇Jy∕beam, and
180𝜇Jy∕beam. This suggests a scaling of
the 𝜎rms with Θ1.4FWHM. The beam-size isshown by a circle in the lower left corner
of each image. Data courtesy of Rajpuro-
hit, K.)
2.2 Radio interferometric surveys of radio relics
Radio relics are faint and rare objects. Because of this the sensitivity for extended
structures and the covered area are the most crucial survey parameters. There is a
large number of radio surveys in which radio relics are present (comp. Tab. 2.1 and
Fig. 2.2).
The NRAO VLA Sky Survey (NVSS, Condon et al., 1998) mapped the sky above
-40 degree declination with the Very Large Array (VLA) telescope at 1.4GHz. The
fractional sky coverage of NVSS is remarkably high with 82%. NVSS was designed
to yield a high sensitivity for objects extending to angular scales up to ∼ 10′. The
24 Chapter 2. The NVSS sample of radio relics
TABLE 2.1: Compilation of large radio sky surveys of the last decades and upcoming
years. It is a selection of surveys with possible use for this work and follow-
up studies. Surveys marked with ⧖ are yet to be fully released. Shown are the
survey name, the sensitivity of at the highest resolution, FWHM of the beam due to
Eq. 2.1, and largest imagable scale Θmax due to Eq. 2.2. The 𝑠 label denotes snapshot
observations in which case Θmax was scaled down by a factor of 0.5. The survey
coverage 𝑓sc is given in fractions of an all-sky survey with 41,253 deg2 coverage.
Survey 𝜎rms 𝜈obs,cen ΘFWHM Θmax 𝑓sc Reference
mJy/beam MHz arcsec arcmin
NVSS 0.45 1400 45 8𝑠 .82 Condon et al. (1998)
FIRST 0.15 1400 5 1𝑠 .26 Becker et al. (1995)
TGSS ADR 4 148 25 9𝑠 .89 Intema et al. (2017)
GLEAM 10 150 100 430𝑠 .75 Hurley-Walker et al. (2017)
MSSS-HBA 5 144 120 46𝑠 .50 Heald et al. (2015)
⧖ MSSS-LBA 15 52 150 127𝑠 .50 Heald et al. (2015)
⧖ LoTSS 0.1 144 5 92 .50 Shimwell et al. (2017)
⧖ EMU 0.01 1280 10 24 .85 Norris et al. (2011)
⧖ WODAN 0.01 1280 15 12 .49 Röttgering et al. (2011)
average rms of the surface brightness fluctuations 𝜎rms,NVSS is 0.45mJy beam−1. As
relics tend to be faint at GHz frequencies compared to the predominant radio galaxies,
a proper identification and subtraction of other nearby sources is paramount. NVSS
provides a restoring beam of 45′′ FWHM which translates into a physical scale of
80, 150 and 244 kpc for 𝑧 = 0.1, 0.2 and 0.4, respectively. Because this resolution
is not always sufficient to identify most of the AGN sources - we make further use
of auxiliary data (Sec. 2.3.2). Existing high resolution observations of our targets are
quite plentiful at 1.4GHz because of the VLAs A-configuration. Faint Images of the
Radio Sky at Twenty-cm (FIRST, Becker et al., 1995), for example, is not a survey
for extended objects itself, but because of its high resolution is often used to help
identifying compact sources.
The alternative data release of TIFR GMRT Sky Survey (TGSS ADR1, Intema et al.,
2017) shows a similar sky coverage and sensitivity for resolved objects with a spectral
index of 𝛼 = −1.3 (de Gasperin et al., 2018). This allowed de Gasperin et al. (2018) to
create a spectral index catalog based on NVSS and TIFR GMRT Sky Survey (TGSS).
However, due to the use of the calibration scheme SPAM (Intema et al., 2009; Intema,
2014) the TGSS ADR1 it is less sensitive to faint and extended objects which applies
to a large fraction of known radio relics (Fig. 2.3).
Both frequency bands of the Multifrequency Snapshot Sky Survey (MSSS, Heald et
al., 2015) are the first attempt of utilizing the survey capabilities of the Low Frequency
Array (LOFAR), which comprise high resolution images at low frequencies with good
sensitivity for extended structures. Eventually, they will be succeeded by the LOFAR
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FIGURE 2.2: Shown is the r.m.s of high-resolution radio sky surveys for their
sensitive scales ranging from the FWHM up to its largest imageable scale due to
Eq. 2.3: The sensitivities 𝜎rms,equi are scaled to an equivalent of the 𝜎rms at 1.4GHz
frequency for a relic with spectral index 𝛼 = −1.25; and to different angular
scales via Eq.2.3. The width of the line is proportional to the survey fractional sky







FIGURE 2.3: Galaxy cluster A2256 in both the NVSS (left) and TGSS ADR1
convolved to NVSS resolution of 45′′ FWHM (right). Contours are flux levels
starting from 2𝜎rms and increase by factors of 2. Due to extrapolation of the spectral
index, both relic images should yield a detection of similar S/N for A2256. While
the authors of TGSS ADR1 (Intema et al., 2017) point out a reduced sensitivity of
this survey for extended sources this effect is more pronounced than expected from
the survey specifications (Tab. 2.1).
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Two-metre Sky Survey (LoTSS, Shimwell et al., 2017).
Future surveys like LoTSS, the Evolutionary Map of the Universe (EMU, Norris et al.,
2011), and Westerbork Observations of the Deep APERTIF Northern sky (WODAN,
Röttgering et al., 2011) will map much fainter relics than NVSS and make them
available for an all-sky survey catalog. The joint use of these surveys will provide
spectral index information for most relics known today. In the more distant future
one can expect spatially-resolved polarization and spectral index maps for a large
fraction of NVSS relics. Until then NVSS remains the survey best suited for radio
relic studies because of its large fractional sky coverage.
2.3 Compilation of the NVSS relic database
In this section we present an updated compilation of radio relics and their host clusters.
It continues the work of Nuza et al. (2017), which the author was part of, which used
radio relic compilations of Nuza et al. (2012); Feretti et al. (2012); Yuan et al. (2015)
and publications of new discoveries. Note that van Weeren et al. (2019) maintain a
list of diffuse radio emission, including radio relics since mid 20181. While it doesn’t
provide any access to images or point-source models, we used it as an independent
source to ensure the completeness of our compilation.
We measure the radio relics’ spatial location, size, and other parameters with the goal
to encode the important-statistics in as few parameters as possible. This will become
important once we compare the statistics of NVSS and synthetic surveys in Cha. 4.
2.3.1 Compilation of relic hosting clusters
The purity of the catalog of radio gischt is a major factor for the quality of any
study based on it. Luckily, that most galaxy clusters with known radio relics have
been studied interferometrically both with different radio arrays and at different
frequencies. We use the classification scheme described in Sec. 1.2, differentiating
between giant radio relics (i. e. radio gischt) and radio phoenices. For some objects
the existing data is inconclusive and no clear classification is possible. We include
these objects in our sample as candidates. Henceforward, we only consider clusters
listed in Tab. 2.2 in the subsequent analysis as relic-hosting clusters.
1The compilation is listed under https://galaxyclusters.hs.uni-hamburg.de/.
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TABLE 2.2: Shown are the radio relic hosting clusters selected for this study: Flux
density of relics measured in NVSS images column (4) and reported in literature
column (5). The inventory of diffuse emission in the specific cluster is shown in
column (6) with ‘(’ as main relic, ‘)’ as counter relic, ‘∙’ as halo, and ‘*’ as diffuse
emission that does not belong to any of these categories (comp Sec. 1.2). Grayed
out objects are those considered only to be candidates.
Cluster z 𝑀200 𝑆NVSS 𝑆1.4,lit Diff. Emi. References[] [1014𝑀⊙] [mJy] [mJy] RHR* mass ∣ relics(1) (2) (3) (4) (5) (6) (7)
1RXS J06+42 0.225 12.9 309.9 364.0 (∙)* Ogr13 - Wee16
A115 0.197 6.4 68.9 147.0 (∙)* Fer12 - Gov01
A521 0.253 13.5 14.1 15.0 (∙)* Fer12 - Gia06
A610 0.095 3.0 15.9 18.6 (∙)* Bos08 - Gio00
A746 0.232 7.8 13.1 24.5 (∙)* Fer12 - Wee11a
A781 0.300 8.7 16.8 15.5 (∙)* Fer12 - Gov11
A1240 0.159 3.5 12.4 16.1 (∙)* Fer12 - Bon09
A1300 0.307 18.2 18.1 20.0 (∙)* Fer12 - Ven13
A1351 0.322 12.9 19.2 13.0 (∙)* Gia09 - Gia09
A1443 0.269 11.0 9.0 9.8 (∙)* Bon15 - Bon15
A1612 0.179 6.0 62.0 62.8 (∙)* Fer12 - Wee11a
A1664 0.128 7.4 99.7 107.0 (∙)* Fer12 - Gov01
A1682 0.226 12.0 18.6 26.9 (∙)* Ven13 - Ven13
A1758N 0.280 12.3 16.2 24.7 (∙)* Ebe98 - Bot18
A2034 0.113 8.5 28.3 24.0 (∙)* Ebe98 - Wee11a
A2061 0.097 8.7 6.5 27.6 (∙)* Wee11a - Wee11a
A2163 0.203 26.3 13.0 18.7 (∙)* Fer12 - Fer01
A2256 0.058 8.7 188.0 462.0 (∙)* Cla06 - Cla06
A2345 0.177 11.0 82.2 59.0 (∙)* Bon09 - Bon09
A2744 0.308 17.4 10.7 18.2 (∙)* Fer12 - Gov01
A3365 0.093 3.2 39.8 47.9 (∙)* Wee11a - Wee11a
A3411 0.169 8.3 24.7 53.0 (∙)* Ebe02 - Wee13
A3527-bis 0.200 3.3 23.1 35.0 (∙)* Gas17 - Gas17
CIZA J0107 0.107 8.7 6.5 30.0 (∙)* Ran16 - Ran16
CIZA J0649 0.064 6.3 19.3 27.5 (∙)* Wee11a - Raj17
CIZA J2243 0.192 12.0 110.6 144.0 (∙)* Fer12 - Str13
MACS J0717 0.555 11.5 108.8 83.0 (∙)* Fer12 - Pan13
MACS J1149 0.544 16.2 14.7 10.3 (∙)* Bon12 - Bon12
MACS J1752 0.366 12.3 91.9 101.8 (∙)* Bon12 - Bon12
PLCK G200 0.220 2.7 21.7 24.9 (∙)* Kal17 - Kal17
PLCK G287 0.390 53.0 59.0 58.0 (∙)* Fer12 - Bag11
PSZ1 G004 0.516 10.4 13.0 19.0 (∙)* Shi14 - Shi14
PSZ1 G097 0.300 7.6 21.1 27.2 (∙)* Gas14 - Gas14
PSZ1 G108 0.332 7.7 105.0 113.1 (∙)* Gas15b - Gas15b
RXC J0225 0.061 2.0 31.5 37.0 (∙)* Sha16 - Sha16
RXC J1054 0.070 8.5 8.6 15.0 (∙)* Fer12 - Wee11a
RXC J1314 0.247 15.8 41.4 30.3 (∙)* Fer05 - Fer05
ZwCl 0008 0.104 2.2 45.7 67.0 (∙)* Fer12 - Wee11c
ZwCl 2341 0.270 5.8 24.1 22.0 (∙)* Gas14 - Gio10
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Some objects formerly listed as radio relics are now classified as rare types of
radio galaxies. For the diffuse emission near the galaxy cluster Abell 786 Kale and
Dwarakanath (2012) reported a compact radio source near the center of the emission.
The diffuse emission near the galaxy cluster Abell 2069 formerly listed as relic
candidate has been also identified to be part of a radio galaxy (Drabent et al., 2015).
Therefore, we do not include these sources in our list. Information about disregarded
cluster emission can be found in Tab. A.1.
While the galaxy cluster dynamic state is motivation for an ubiquity of scientific
investigations (Markevitch and Vikhlinin, 2007; Hitomi Collaboration et al., 2017;
Golovich et al., 2018), we limit ourselves to three cluster parameters in this work:
redshift, center position and cluster mass.
Galaxy cluster redshift
We do not further curate this data but rather use the value given in the publications
concerning the radio relic(s). The adopted redshift is predominantly taken from
studies which agglomerate the spectral-line redshift of all galaxies associated to the
galaxy cluster.
Galaxy cluster center position
We derived the physical distance of relics from the cluster center using the known
redshift of the clusters. In Nuza et al. (2017) we used the Set of Identifications,
Measurements and Bibliography for Astronomical Data (SIMBAD) catalogue for
the cluster positions (Wenger et al., 2000). However, SIMBAD positions are not
determined homogeneously from the X-ray surface brightness distribution. Some
cluster positions are based on observations of the thermal-Sunyaev-Zeldovic effect. In
a few cases like ZwCl 0008+5215 and PSZ1 G108.18-11.53 this leads to a significant
offset of several NVSS resolution elements (i.e. several 100 kpc) compared to the
reported X-ray peak.
Where possible, we use positions that are based on the X-ray peak of the most massive
cluster component. This is also consistent with the reference used for the synthetic
survey (see Cha.3). Note that de Gasperin et al. (2014) use center coordinates that
are based on the center of double relics - which is a measure independent of X-ray
emissions. However, because this would limit our galaxy cluster sample to less than
half the current size we use the aforementioned method.
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Deriving cluster masses and radii
Though radio relics occur in merging systems we do not separate the galaxy cluster in
several components but only consider its total mass. By knowing the cluster mass and
characteristic radii we are able to investigate relic-cluster mass relations, and to map
relic positions in units of 𝑅200. For conversion of 𝑀Δ𝑐 (𝑧), of an over-density Δ𝑐(𝑧) to
𝑀200(𝑧) we adopt the Navarro-Frenk-White profile (Duffy et al., 2008), specifically
we use the Python implementation of Dietrich (2016).
We always convert the most reliable mass estimate to 𝑀200 and use this value to
derive all other measures: Used measures on the mass are in decreasing order of
preference the Sunyaev-Zeldovic effect, microlensing, and X-ray luminosity. The X-
ray luminosity is the most prevalent proxy to estimate the cluster mass - comprising
70 percent of the sample. We convert X-ray luminosity 𝐿500,0.1−2.4 to cluster masses
via the relation in Böhringer et al. (2014, Eq.10) that we reorganize to 𝑀200:





with 𝐸(𝑧) = √Ω𝑀 (1 + 𝑧)3 +ΩΔ. Note that galaxy cluster luminosity and their
dynamic state are correlated, i.e. the mass of merging cluster observed along their
collision-axis tends to be underestimated Takizawa et al., 2010. We do not implement
any correction for this effect, which should be in the range of ∼ 10 percent in average.
2.3.2 Analyzing NVSS Images
We use radio images provided by the NVSS Postage Stamp Server1 and measure flux
density, size and shape for all relics hosted by the clusters in Tab. 2.2. Note that we do
not attempt to perform a surface brightness limited survey, but measure properties of
already known relics. We do this, because this work does not aim for increasing the
sample of known relics but for interpreting it. By pre-selecting the relic regions, the
Eddington-Bias (Eddington, 1913), i.e. overestimation of source count due to image
noise, is effectively eliminated.
For NVSS this procedure needs three further inputs in addition to the image: a relic
selection region; a catalog of compact sources to subtract; and the cluster center.
We first define regions that enclose the relic reported in the literature. This is done
1cv.nrao.edu/nvss/postage.shtml
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manually to include the full region of interest, while keeping the number of sources
to be subtracted low.
We compiled a list of sources that get subtracted from the images and are
parameterized by a Gaussian with position, flux density, and FWHM (Appendix A).
We implemented source subtraction in the image space and used the residual images









FIGURE 2.4: Image subtraction for the case of the galaxy cluster Abell 2345: NVSS
image (left), component model (middle), subtracted (right). The colorscale denotes
the flux density per beam. Note than only sources that do overlap with the radio
relics need to be included in the source model.
To identify the relics within the residual images we apply a threshold on the areal
flux density of each pixel, i.e. 𝑆th = 2 × 𝜎NVSS. We choose this value, because it
is low in terms of the rms noise level. We do this to recover as much diffuse flux as
possible. Note that even with this value, some relics decompose into several objects,
like Abell 3411. Others are not detectable at all like the relics in clusters labeled as
’too faint’ in Tab. A.1. In some cases the selection boundaries attenuates the pixels
which where otherwise connected above low signal-to-noise threshold. We tried to
minimize this effect through thoroughly choosing the relic region. Fig. 2.5 shows six
examples of relics within NVSS with their diverse recovered morphologies.
We measure the properties of each separated object. Its solid angle Ω is the angular
area of all constituent pixels. We also determine the largest angular scale (LAS),
by the diameter of the smallest circle that encloses the object. From the latter, we
also derive the largest linear size (LLS) of the objects by adopting the galaxy cluster
redshift. The spectral flux density 𝑆1.4 results from summing the surface brightness
over the relics’ pixels and dividing by the beam solid angle in units of pixels. The
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FIGURE 2.5: Examples of NVSS radio emission within the selection region after
subtraction of compact sources. The color scale indicates the surface brightness
distribution. Green contours show the diffuse emission, red contours the subtracted
compact emission. Contours are drawn at [2,4,8,16,32] 𝜎NVSS, where 𝜎NVSS is the
average rms brightness fluctuations in the NVSS images. Indicated are the 𝑅200
cluster vicinity (white circle).
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derives itself from its associated ΘFWHM. We adopt 45′′ as FWHM of the restoring
beam and neglect the beam’s small size variations across the survey area.
The NVSS was carried out with the VLA in D and DnC configurations in snapshot
mode, hence, above a largest angular scale of 8′ flux density measures are biased
(comp. 2.1). In particular, for clusters at redshifts 𝑧 < 0.05, relics of a typical
size of 1Mpc are too extended for a reliable flux density measurement. In fact,
for the extended relics in Abell 2256, Abell 115 and CIZA J2242 - all of them at
redshift ∼ 0.05 - we measure less flux density in NVSS than reported in the literature
(Fig. 2.6). The cluster ZwCl 0008 is a good example of flux loss at a roughly 1 Mpc
sized relic at 𝑧 ∼ 0.1.
FIGURE 2.6: The effect of missing flux density due to limited short baselines
(Eq. 2.2) is illustrated by the ratio of measured NVSS and literature flux density
for each cluster 𝑧 > 0.05 plotted over the LAS of the largest identified relic.
Expectations for the NVSS as empirically derived by Farnsworth et al. (2013) are
indicated by the gray shaded region. Also shown are angular scales Θz for distances
of 1 Mpc at different redshifts.
We also do not want to include faint objects that could be heavily affected by the image
noise. We disregard all objects below a flux density of 𝑆1.4,min = 8 ⋅𝜎NVSS ⋅ beam, i.e.
3.6 mJy, which is a compromise between reliable measures and a large object count.
The final relic catalog is shown in Tab. 2.3 and includes 55 objects in 39 clusters.
We use the flux density of each object to infer its radio luminosity in the restframe,
𝑃1.4. The redshift-dependent shift of the spectrum
𝑃rest,1.4 = 𝑃obs,1.4 ⋅ (1 + 𝑧)
−1−𝛼int (2.6)
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is accounted for by the so-called k-correction (Hogg et al., 2002). For radio relics with
unknown 𝛼int we use the median spectral index of NVSS radio relics ⟨𝛼int⟩ of −1.25.
We utilize image moments to describe the objects through their area, signal intensity,
centroid, and shape. Image moments find use in astronomical source extraction tools
(Stobie, 1980; Bertin and Arnouts, 1996). First, the emission-weighted center (𝑥𝑐 ,𝑦𝑐)







(𝑥𝑖 − 𝑥𝑐)𝑝(𝑦𝑖 − 𝑦𝑐)𝑞𝐼𝑖𝑗 (2.7)
with the pixel coordinates (𝑥𝑖,𝑦𝑗) and the pixels surface brightness 𝐼𝑖𝑗 . By taking the
ratio
𝑠 ≡ 𝜆2∕𝜆1 (2.8)













1 − 𝑠2 . (2.10)
Rotational symmetric objects have a shape parameter of 𝑠 = 0, linearly extended ones
𝑠 = 1. Higher order image moments yield the degree and direction of the object’s
asymmetries like curvature, and are left for future work.
The location of the relics is measured both absolutely and with respect to their host
cluster. Because we want to highlight the extended nature of the relic, we derive the
projected distance 𝐷proj not by the relic central coordinates but by the distance of all









This measure is not arbitrarily small but limited of roughly a quarter the source extend.
We now will proceed to investigate some of the basic properties of the selected relics
population.
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TABLE 2.3: Radio relic objects identified in the NVSS images with a flux density
𝑆1.4 > 3.6mJy, in clusters with 𝑧 > 0.05 totaling 55 relics in 39 clusters.
Identifier RA Dec 𝛼int 𝑆1.4 log10(𝑃1.4) LAS LLS 𝜆2∕𝜆1 𝐷proj,pix
[deg] [deg] [mJy] [W∕Hz−1] [’] [kpc] [kpc]
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2.4 Statistics of radio relic properties
Scatter-plot matrices are a standard tool for statisticians to assess the distribution of
parameter pairs. In Fig. 2.7 we apply this technique to LLS, power, integrated spectral
index and projected distance of NVSS relics. The plot includes three sub-sections
which visualize the distribution of the measures in different ways. Most of these
quantities and their relations were already discussed in other publications and we go
ahead to describe the ones that we think of to be most important. In Nuza et al.
(2017) we investigated the luminosity function, shapes, orientation angles and LLS
distribution of radio relics. Of particular interest are correlations between, parameter
pairs, because they allow to draw conclusions on the scaling-relations of physical
quantities. For this purpose we adopt the significance test, with the p-value indicating
the probability that there is not a Pearson correlation between the variables.
2.4.1 Correlations of measured quantities
The 𝑃1.4-LLS correlation was first presented in Feretti et al. (2012). In our sample
this parameter pair shows the strongest correlation with a correlation coefficient of
0.82 in line with our recent publication (Nuza et al., 2017) and a scaling of
𝑃1.4 ∝ LLS
2.39±0.21 (2.12)
The slope tentatively being larger than two indicates that the relics with the largest
LLS also are the ones with the highest surface brightness (Nuza et al., 2017, comp.
Fig. 12). Later, we argue that this correlation arises largely from compiling a surface-
brightness (comp. Fig. 3.14).
Of particular interest for models of particle acceleration at radio relics are the
integrated spectral index and the corresponding Mach number (see Eq. 1.23) of the
shock. They encode the efficiency of the acceleration mechanisms for different
Mach numbers. Relics emission in A3527-bis, MACS J1149 NW, and CIZA J2243
N was measured with an integrated spectral index larger than −1 which violates
the range that is possible when assuming thermal pool DSA at stationary shocks.
While miss-classification might be possible, the relics in the sample hold further
investigations. The relic 𝛼int and 𝐷proj,pix show a tentative Pearson correlation with
a p-value= 5.45 ⋅ 10−2, supporting the idea that the Mach-number of merger-shocks
tends to increase as they transverse outwards. Interestingly, in their review paper van
Weeren et al. (2019) do not mention this correlation, but rather discard a previously
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FIGURE 2.7: Shown are the scatter matrices of measured properties of NVSS relic
in Tab.2.3 consisting of a regression plot with 1𝜎 confidence shaded area (upper
right) as well as the kernel density estimation (KDE)s for one (central diagonal)
and two parameters (lower left).
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hypothesized LLS - 𝛼intcorrelation from van Weeren et al. (2009). Due to the strong
scaling of thermal-pool DSA efficiency with the Mach number one might expect
a significant correlation of the integrated spectral index 𝛼int and power 𝑃rest . In
resemblance of Colafrancesco et al. (2017), we do not find any significant 𝛼int-𝑃rest
correlation (comp. Sec.1.2.2).
Also, some correlations differ from the ones reported in the literature, due to our
differing sample selection criteria. We do not observe a correlation between LLS
and 𝐷proj as found by (van Weeren et al., 2009; Bonafede et al., 2012; de Gasperin
et al., 2014). We reject the hypothesis of correlation with a p-value of 0.991 when
expressing 𝐷proj in units of 𝑅200 and p=0.484 when expressing 𝐷proj in units of kpc.
Relics below a projected distance of 0.3𝑅200 and above an LLS of 1.2Mpc are MACS
J0717, PLCK G287 N and A115. Relics above a distance of 0.6𝑅200 and below a size
of 500Mpc are A1240 S, A2061, A3411c, and RXC J0225. Only PLCK G287 N and
A1240 S are in the sample of de Gasperin et al. (2014), the latter with a much larger
LLS than in our sample. We explain this discrepancy in the measured LLS by the
fact that for some of the relics in our sample only the brightest regions are taken into
consideration (Fig. 2.1).
2.4.2 Emission power, redshift, and cluster masses
The mass of the cluster is correlated with several measures of the relic statistics
(Fig. 2.8). The strong𝑃1.4-redshift correlation indicates the prevalence of a significant
Malmquist-Bias, i.e. detection of only the brightest objects of a population depending
on their distance. At the same time a considerable 𝑀200-redshift correlation
correlation exists. Any 𝑃1.4𝑀200-correlation derived from our sample should hence
to a large degree, be influenced by the Malmquist-Bias.
A correlation of X-ray power and radio power of galaxy clusters was established by
Feretti et al. (2012). This was confirmed by de Gasperin et al. (2014) in the form of the
correlation of mass and radio power for double relics with the following coefficients:
𝑃1.4 deGasperin ∝ 𝑀
2.83±0.39
500 (2.13)
We confirm a correlation with a p-value of 3.23 ⋅ 10−4 but find a much weaker trend:
𝑃1.4 this work ∝ 𝑀
1.05±0.27
200 (2.14)
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FIGURE 2.8: Shown are the KDEs of NVSS cluster-wide quantities that are
significantly correlated with 𝑀200.
When only considering double relics in our sample we obtain
𝑃1.4 this work,double ∝ 𝑀
1.13±0.37
200 (2.15)
which differs very much from the estimate in de Gasperin et al. (2014). The two
relics in our sample that skew the linear estimate the most are CIZA J0107 and PLCK
G207. CIZA J0107, not being in the double relic sample of (de Gasperin et al., 2014),
is under-luminous for its mass. Same holds for PLCK G207 which we present with
𝑀200 = 53𝑀⊙ → 𝑀500 = 39𝑀⊙ i.e. 2.8 times larger than the values used in
(de Gasperin et al., 2014). Adjusting the sample for these differences leads to a
somewhat steeper slope of 1.69 ± 0.38, which is still much shallower than the 2.83
from (de Gasperin et al., 2014). The reason is that many other differences remain, like
differences of the referenced radio power of ZWCl 2341, or the fact that (de Gasperin
et al., 2014) fits the relics with weights due the known error of the measurement. This
case exemplifies that fitted correlations sensitively depend on the selection procedure
of objects and their values.
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2.4.3 The average projected radio relic position in NVSS
We have now a rich selection of possible criteria to compare radio relics with
simulations we will further use in Cha. 3-4. The last topic of this chapter are the
quantities LAS, area and orientation angle 𝜙. They describe the morphology of relics
in the observation and were investigated in Nuza et al. (2017). Due to the limited
scope of this thesis, we summarize these quantities together with the projected relic
distance within one statistic. We thereby implement a new summary statistic of radio
relic samples - the average projected radio relic. Deriving a general representation
of the radio relic population by centering, aligning, and stacking provides a higher
signal-to-noise representation of the typical relic sites in galaxy clusters. It follows
up on the consideration of relic distances by Feretti et al. (2012); Nuza et al. (2017)
using a projection scheme like the one applied to giant radio galaxies by Malarecki
et al. (2015).
rotation towards axis of major emission















FIGURE 2.9: Shown is the scheme for the derivation of the average projected radio
relic position on the example of NVSS.
While radio relics show a wide morphological variety, the variability can be reduced
by aligning the images through rotation towards the axis of major emission. As seen
in Fig. 2.9, we bin the radio relic flux 𝑆1.4 in distance 𝐷proj,pix expressed in units of
𝑅200 and position angle 𝜙 from the axis of major emission. In addition, we squeeze
the signal by i) mirroring the axis of major emission and ii) deriving the weighted
sum of all galaxy clusters.
We derive the direction of major emission by matching a template. The ad hoc chosen
template 𝐼 is the square-root of a dipole moment, and the chosen angle 𝜙 which
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maximizes the correlation with the flux density 𝑠1.4:
𝑅(𝜙corr) = ∫𝜙
√
cos2(𝜙− 𝜙corr) ⋅ 𝑠1.4(𝜙− 𝜙corr) d𝜙 , (2.16)
𝜙best = argmax(𝑅(𝜙corr)) . (2.17)
A single sided, compact relic will result in a stark contrast between the best and all
possible angles. In Fig. 2.10 we see how this approach pans out for our relic sample.
FIGURE 2.10: Results of template matching: Blue lines show the correlations 𝑅
over varying angles (Eq.2.17) for all relics within our compiled NVSS sample. The
correlation for a point source, i.e. very compact emission is shown in black.
Some cases like A2256 have a weak contrast, the most extreme case being the relic in
PSZ1 G004. Other clusters show an increase towards 90◦ misalignment, which hints
on relics orthogonal to the brightest relic. Most of the relics clearly have a favored
direction, indicated by a large difference between the best and worst match with the
template. In consequence, we are able to reliably find the direction of major emission
with radio information and without the use of cluster morphological parameters. Now









normalized by the total number of clusters 𝑁cl = 39 and weighted by its total flux
density 𝑆1.4 to the power of 𝑚. By choosing 𝑚 = −0.75 > −1 we give slightly more
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weight to rare and high 𝑆1.4 objects rather than the more common relic clusters with
lower 𝑆1.4. With this exponent, we find that the relic with most of the flux accounts
to 4.5% of the total signal, while the average projected relic accounts for 2.2% of
the signal. The reasoning for using a weight is that we expect more powerful relic
clusters to be classified with higher confidence. By using flux density 𝑆1.4 rather than
𝑃rest we can give more weight to the more reliant radio relic detections as we work in
the signal domain. Applying this routine to the NVSS sample creates a characteristic







towards the axis of major-relic emission:
𝐒sur,D = 𝐇sur ⋅ 𝐯D (2.20)
to create the one-dimensional signal distribution (Fig. 2.11, top). The characteristics
of the radio relic flux density distribution 𝐒sur,D at 1.4GHz are:
• Ramp up of signal up to 0.6𝑅200, followed by a sharp decline.
• Radio emission at −0.6𝑅200 with a signal ratio of ∼ 0.17 compared to the
pro-relic side. We interpret this as the contribution of the merger along the
counter-direction to the radio emission, e.g. double relics.
• Seven local, minor peaks exist. The galaxy cluster sample size suggest that
most of those sub-features are a direct result of sampling noise. For later
comparison we convolve 𝐒sur,D with a Gaussian of a FWHM of 0.3𝑅200,
resulting in a much smoother distribution that retains all the features mentioned
above. In doing so we are confident that the intrinsic properties of the
population statistic remain unchanged through this processing step.









FIGURE 2.11: Shown are the relic summary for the NVSS survey of the weighted
surface flux density according to Eq. 2.18 for all relics in Tab. 2.3 (bottom) and




We derived a sample of 55 NVSS radio relics in 39 galaxy clusters with focus on
homogeneity in the observation setup to allow for a systematic comparison with
simulations. This systematic setup allowed us to measure relic power at 1.4 GHz
(𝑃1.4GHz), largest linear scale (LLS ), shape 𝑠, and projected distance from the cluster
center (𝐷proj,pix). We compare these measures against each other as well as their
integrated spectral index 𝛼int , the cluster mass 𝑀200, and redshift 𝑧:
• We theorize that the most significant correlation of relic 𝑃1.4 ∝ LLS2.39±0.21 is
a direct result of the implementation of our synthetic observation. We will test
the first hypothesis in Cha. 3.
• Other than van Weeren et al. (2009); Bonafede et al. (2012); de Gasperin et al.
(2014) we do not confirm a correlation between LLS -𝐷proj, most likely also
as a direct effect of our measurement procedure.
• We confirm the correlation by Feretti et al. (2012) between 𝑃1.4 and 𝑀200∕500
with a p-value of 3.3 ⋅ 10−4, albeit but find a much weaker scaling.
• There is a tentative (p-value= 0.055) correlation between 𝐷proj and 𝛼int which
could result from the increasing average Mach-number of shocks towards the
galaxy clusters outskirts. Other than the more recent van Weeren et al. (2019)
we do confirm the finding of van Weeren et al. (2009).
• The very strong correlations of 𝑃1.4 and 𝑀200 with the cluster redshift indicates
that a strong Malmquist (selection of the brightest objects) bias likely imposed
a strong influence on other measured correlations.
In this section we also investigated ways to summarize information on the radio relic
population. Specifically, we encoded the location of the synchrotron radiation relative
to the cluster center into an average projected radio relic. The collective signal
strongly peaks at 𝐷proj = 0.6𝑅200. We will use these statistics for a comparative




Synthetic sky surveys of radio relics
In this chapter we describe the model that we employ to create NVSS-like synthetic
sky surveys of radio relics. We leverage the complexity of already simulated galaxy
cluster mergers in cosmological simulations to provide a range of plausible scenarios
for the generation of cluster merger shocks. In Sec. 3.1 we describe the requirements
for our synthetic survey on the cosmological simulation adopted, known as MUSIC-2.
In Sec. 3.2 we describe the compilation of synthetic surveys, i.e. the generation of
synthetic NVSS-like synthetic images used for the generation of survey products. We
modify the approach of Nuza et al. (2017) to generate more realistic synthetic surveys.
For the model of CR-electron acceleration we implement the solution of Hoeft and
Brüggen (2007) which describes DSA from the thermal ICM.
With Sec. 3.3 we conclude this chapter by comparing radio relics in NVSS to the
mock surveys based on the MUSIC-2 cosmological simulation for a set of model
parameters, similar to the ones used in Nuza et al. (2017).
3.1 Cosmological Simulations
The standard measure to describe the volume of a cosmological simulation is the
comoving volume. It is the volume locked to the Hubble flow - which is the standard
to describe volume elements in cosmological simulations. The comoving volume





with the Hubble distance 𝐷H, the transverse comoving distance 𝐷M, and the Hubble
expansion factor 𝐻 . In a flat universe the local comoving distance is proportional to
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the local physical distance times the factor (1 + 𝑧). A full sky survey up to 𝑧 = 0.22
corresponds to 3Gpc3 comoving volume. Up to a redshift of 𝑧 = 0.7, which is the at
the redshift of the most distant relic-hosting cluster in our sample, one would need a
simulated comoving volume of 60 Gpc3 to represent the observable Universe once.
While cosmological simulations become increasingly larger and more complex,
trade-offs between five characteristics exists: The span in time and space, the spatial
and temporal resolution, and the complexity of the implemented physics. The
number of resolution elements that can be simulated is directly linked to the amount
of available computing resources, typically a few million central processing unit
(CPU)-hours. The largest cosmological simulations therefore often have a resolution
which is coarse compared to their smaller counterparts (comp. Tab. 3.1).
TABLE 3.1: Some existent cosmological simulations that can contribute to radio
relic population studies: Simulations with a comoving volume ‘zoomed’ comprise
sub-volumes that were resimulated with the zooming technique of Klypin et al.
(2001). The Physics column indicates the different physical modules implemented;
dark-matter-only simulations (gravity), additional adiabatic hydrodynamic physics
(+hydro), and additional hydrodynamic physics with radiative processes like
Bremsstrahlung and supernova feedback (+hydro+rad). For the hydrodynamic
suites, there is an equal amount of dark matter particles and gas particles of mass
∼ 𝑚dm∕4.
Name 𝑉com 𝑚dm Physics Reference/Comment
[Gpc3] [M⊙]
MultiDark 2.9 1.3 ⋅ 1010 gravity Klypin et al., 2011
BigMDPL 46 3.4 ⋅ 1010 gravity Klypin et al., 2016
HugeMDPL 187 1.1 ⋅ 1011 gravity Klypin et al., 2016
Millenium-XXL 78 8.9 ⋅ 109 gravity Angulo et al., 2012
Magneticum B2b 0.8 9.9 ⋅ 108 +hy-
dro+rad
Dolag et al., 2016
Magneticum B0 57 1.9 ⋅ 1010 +hy-
dro+rad
Dolag et al., 2016
MUSIC-2 zoomed 1.3 ⋅ 109 +hydro &
+hydro+rad
283 clusters from MultiDark
with 𝑀z=0 > 1.4 ⋅ 1015M⊙
MUSIC-2 new zoomed ” +hy-
dro+rad
545 clusters from MultiDark
with 𝑀z=0 > 7.1 ⋅ 1013M⊙
Galaxy cluster simulations are performed on different levels of physical realism; in
order of increasing fidelity:
I) Dark matter-only simulations are viable to trace the formation of dark matter
halos of galaxy clusters and galaxies. Those simulations populate the largest
volumes with galaxy clusters.
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II) Hydrodynamic simulations include gas physics, hence also the thermal-ICM
and shock fronts.
III) Magnetohydrodynamical (MHD) simulations include magnetic field which
have a direct influence on the synchrotron emission process. MHD simulations
are costly, but comprise a natural progression towards more realistic studies
of plasma phenomena in galaxy clusters (Vazza et al., 2017). However,
MHD-simulations are yet to be performed for volumes we consider large
enough for our kind of study: once the simulated volume is a considerable
fraction of the volume mapped by NVSS up to the redshift where relics are
found (Fig. 3.1).
FIGURE 3.1: Shown is the integrated comoving-volume mapped by NVSS
up to the redshift 𝑧 (thick, curved line). For comparison, the volumes of the
Multidark/MUSIC-2 and Millenium-XXL cosmological simulations are shown.
The largest simulated volumes maintaining large-scale shocks, being the single-
most import physical phenomenon for this study, are provided by hydrodynamical
simulations. In particular, we use MUSIC-2, which is a hydrodynamic re-simulation
of MultiDark sub-volumes at the positions of massive galaxy clusters (Sembolini et
al., 2013). All clusters with a 𝑀200 > 1.4 ⋅ 1015 𝑀⊙ at 𝑧 = 0 were re-simulated
resulting in 𝑁cl = 283 different Lagrangian regions. As each cluster at 𝑧 = 0 defines
the center of one of those sub volumes, we use the terms ‘sub-volume’ and ‘cluster’
interchangeably. Starting from the same initial conditions two cases of different
physics were simulated: an adiabatic simulation and one with cooling and heating
physics. The dark matter particle mass in MUSIC-2 is 1.3 ⋅ 109M⊙. Therefore, a
48 Chapter 3. Synthetic sky surveys of radio relics
galaxy cluster with 𝑀200 = 1015 𝑀⊙ is represented by 8 ⋅ 105 dark matter and gas
resolution elements each.
In smoothed particle hydrodynamics (SPH) simulation particles of a fixed mass 𝑚gas
represent physical subvolumes of gas. All quantities in SPH simulations are derived
from mathematical operations on particle groups weighted by the so-called smoothing
kernel. Ordinarily, the number of particles within the kernel is kept constant. Because
of that, the resolution of an SPH simulation is linked to the adaptive smoothing length
of the kernel ℎkernel (Lodato and Clarke, 2011):











The FWHM of the kernel is 2.4ℎkernel and proportional to 𝑛−1∕3, i.e. it increases
in denser regions. To ensure that the derived quantities of the shock are reliable it
is critical that the shock in SPH simulations is represented by a sufficient number
of smoothing lengths. The shock finder employed to MUSIC-2 (Sec. 3.2.4) yields
a FWHM of about 150 kpc in the region where most relics are found, i.e. 𝑛𝑒 ∼
5 ⋅ 10−5 cm−3.
3.2 Radio Relic Mock Surveys
Mock surveys are studies based on a set of synthetic observations. We implement a
procedure to perform mock surveys of radio relics with the design of NVSS (Cha. 2).
While it is possible to attempt mock surveys on full cosmological simulations, we use
the already existing resimulation MUSIC-2 of massive galaxy clusters. For each of
the 283 MUSIC-2 clusters, a simulation output exists at a particular time or snapshot.
For MUSIC-2 the snapshots at 𝑧 < 0.7 are
𝑧snap,𝑧<0.7 ∈ (0.05,0.11,0.18,0.24,0.33,0.43,0.54,0.67) .
3.2.1 Distribution of clusters in the observed volume
To generate a sensible sample of galaxy clusters in the survey we have to distribute the
available simulated volume of MUSIC-2 across the full observed light cone. While
MUSIC-2 includes the most massive galaxy clusters in a volume as large as 3Gpc3, it
comes at the cost that most of the original volume is not simulated. We hence cannot
simply create a light cone that integrates the full signal along a line of sight.
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FIGURE 3.2: Scheme of the distribution of clusters in the survey volume, illustrating
the difference between a simulated light cone and our survey approach.
All NVSS relic detections in our sample can be attributed to individual merging
galaxy clusters. We therefore assume that the integrated signal of individual radio
relics at NVSS-like sensitivity can mostly be recovered from a single sub-volume
of MUSIC-2 instead of a full light-cone. Following Nuza et al. (2017), we select
sub-volumes and treat them as observations along an independent line of sight
(Fig. 3.2). We also assume that the galaxy clusters are homogeneously distributed on
cosmological scales. This resembles the cosmological principle and can be applied
to clusters which are common at their observed redshift. We know that this is not
completely true as clusters represent notes in the filamentary cosmic web, but the
spatial correlation, but, for our purposes, the spatial correlation of galaxy clusters
can be safely neglected.
The comoving volume mapped by a NVSS-like survey up to a redshift of 0.7 is twenty
times larger than the volume that MUSIC-2 is based on. By default this will lead
the synthetic population of radio relics to show relatively less fidelity, limiting the
effectiveness of forward simulations. To alleviate this limitation as much as possible
we use MUSIC-2 galaxy clusters more than once: i) with different rotations; ii) at
different snapshots, iii) and at different observed redshifts. Randomization of the
rotation is effective at increasing the sampling variance because, as shown in Hoeft et
al. (2008); Skillman et al. (2011) and Nuza et al. (2017, Fig. 7), the natural variation
of the viewing angle can account for the large morphological variety seen in radio
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relics. While the flux remains roughly constant, measured size, shape, and position
relative to the cluster center depend sensitively on the relative orientation of the cluster
towards the observer.
The second and third randomization techniques are implemented through a series of
considerations: Starting from the redshift 𝑧min = 0.05, we divide the observed light
cone in 𝑁shell = 150 shells of redshift width Δ𝑧 = (𝑧max − 𝑧min)∕𝑁shell = 4.3 ⋅ 10−3.
By using a small Δ𝑧 we limit discretization effects and emulate a continuous volume.
We now sample the volume-elements containing the massive galaxy clusters from a
Poisson-distribution with the expected count 𝜆. The volume of each shell within this
light cone then becomes:
𝑉shell,𝑖 = 𝑉com(𝑧𝑖+1) − 𝑉com(𝑧𝑖) (3.3)
whereas the integrated comoving volume 𝑉com(𝑧) is set by the minimum and
maximum considered redshifts. Within each shell 𝑖 the expected number of sub-





Cosmological evolution plays a strong role for all mock surveys. An evolution of
the large-scale structures exists throughout the various snapshots of the simulation.
We account for this by predominantly mapping snapshots to shells with a comparable
central redshift. We do this by attributing a Gaussian density function 𝑝𝑗(𝑧) of the
variance 𝜎 in redshift space to any snapshot 𝑗, with a larger variance 𝜎 making it more
likely that a snapshot is chosen for a shell at a very different redshift. Within each





















The variance is chosen as 𝜎 = 0.1 in order to strike a balance between distributing
many snapshots to a redshift shell and respecting the cluster evolution with redshift.
Sky surveys only cover a fraction 𝑓sc ≤ 1 of the whole sky. In this work we use the
fractional sky coverage of NVSS, i.e. 𝑓sc = 0.82. The total expected count for any
shell 𝑖, snapshot 𝑗 and cluster 𝑘 then becomes:
𝜆𝑖,𝑗,𝑘 = 𝑓sc ⋅ 𝜆shell,𝑖 ⋅ 𝜆snap,𝑖,𝑗 . (3.6)
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By definition this expected count 𝜆𝑖,𝑗,𝑘 is independent of the galaxy cluster 𝑘and can
be larger than one for any given redshift shell (Fig. 3.3). We consider this sampling
FIGURE 3.3: Plot of three redshift-related quantities: NVSS cluster count with
relic detections (top); probability 𝜆snap,𝑖,𝑗 of given snapshot to be selected at a given
redshift due to Eq. 3.5 (middle); ∑𝑖 𝜆𝑖,𝑗,𝑘 alias the expectation value of how often asnapshot of a galaxy cluster enters the sample due to Eq. 3.6 (bottom).
procedure, specifically Eq. 3.5, as an effective improvement over Nuza et al. (2017) as
it allows for a more consistent transition between different snapshots. It increases the
internal sampling variance within any redshift range, which we consider to be crucial,
because it is biased low by the limited amount of simulated volume. We also added
four more MUSIC-2 snapshots to the six snapshots investigated in Nuza et al. (2017).
This improves the fidelity of the forward modeling in the redshift range were NVSS
radio relics are identified. For each realization of a mock survey, we now attain a list of
galaxy clusters where each cluster has an affiliated snapshot, redshift, and projection.
In our NVSS-like case for each mock survey from 𝑧 = 0.05 to 𝑧 = 0.7, the expected
cluster number count relates itself to the snapshots, like that shown in Fig. 3.3. Within
the range of the majority of relic detections, every simulated snapshot is mostly used
less than two times. Snapshots at higher redshift enter the relic sample more often, but
originate only few relics. At these high redshifts the majority of sampling variance
can only come from the random viewing angle rather than the snapshot selection.
While any more sophisticated estimates of the galaxy cluster distribution and merger
state will benefit future studies (Anderson et al., 2018) the most impactful biases are
based on the simulation itself and occurs on several levels:
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1) due to the limited volume of the simulation large scale modes will be attenuated,
leading to a dearth of the most massive clusters at high redshift,
2) due to the limited resolution of the simulation, relics in low density
environments can show an unrealistic morphology, flux, or might not even be
found at all,
3) due to the limited selection of only the most massive clusters in MUSIC-2,
relics in less massive clusters will not occur in the sample.
3.2.2 Acceleration model: DSA from the thermal pool
For the radio emissivity we follow the general framework of Hoeft and Brüggen
(2007). The principal assumption is that Mach number and the exponent of the
particle-distribution are linked through Eq. 1.22, in line with DSA, and that a fraction
𝜉𝑒 of the energy of thermalized by the shock is put into CR-electron acceleration.
We use Eq. 17 of Hoeft et al. (2008) to estimate the flux density of DSA synchrotron
emission resulting from a quasi-stationary shock running through a fully thermalized
collisionless ICM:























It includes the factor 𝑓𝐵 of CR electron energy that arises from part of the CR energy
being channeled in the inverse-Compton effect instead of synchrotron radiation
(Eq. 1.15), the function Ψ(𝑀,𝑇down) that comprises all Mach number dependencies,
the area of the shock front 𝐴, downstream electron density 𝑛e,down and downstream
ICM temperature, 𝑇down the observing frequency 𝜈obs and the exponent of the CR
electron power distribution 𝑝inj (Eq. 1.22).
The model is derived for the so-called test-particle regime, i.e. the downstream
pressure of the CR is small compared to the overall pressure and does hence not
modify the shock dynamics. In consequence, the value of 𝜉𝑒 is constrained to be
≲ 10−3 (Kang and Ryu, 2010). This is reinforced by the fact, that there is currently no
observational evidence of an altered shock dynamic at merger-shocks. The function
Ψ(𝑀,𝑇down) comprises both the dependency of the particle-power-law slope 𝑝 of
DSA on the Mach numbers (Sec. 1.2.1) and the fraction of downstream internal
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energy that is thermalized at the shock. Specifically, Ψ(𝑀,𝑇down) rises steeply from
 = 2 to  = 4 where it starts to converge against a value of one. How the Mach
number of the shocks are derived is shown on Sec. 3.2.4.





scaled by a constant 𝑓𝐴 = 6.5, the number of particles in the smoothing kernel 𝑁SPH
(Hoeft et al., 2008, Sec. 4.2, 4.4), and the smoothing length ℎkernel (Eq. 3.2). The
model assumes that the emission takes place on a thin surface, i.e. the aging of
electrons downstream the shock is instantaneous. A typical relic width of 40 kpc
at 1.4 GHz (comp. Eq. 1.21) is smaller than the NVSS resolution for clusters at
𝑧 > 0.045. In this case the assumption yields a fair approximation of the observed
emission.
For magnetic field strengths 𝐵down ≲ 𝐵CMB, inverse-Compton cooling dominates
over the synchrotron emission losses of CRes. Under these conditions the overall
synchrotron emission becomes proportional to 𝐵2down∕𝐵2CMB for high Mach number
shocks. Because 𝐵2CMB ∼ (1 + 𝑧)4, inverse-Compton cooling can result in a strong
additional down-scaling of radio relic brightness with redshift.
3.2.3 The magnetic field model
The hydrodynamical simulation that is employed does not include the magnetic field
in its computations and output. As a necessary measure, we employ a model of
the magnetic field based on properties that are recorded in the simulation snapshots.
Following Dolag et al. (2001), we assume a power-law relation of the magnetic field






where 𝐵0 is the normalizing constant, 𝜅 the exponent of the power law and 𝑛e,up is the
upstream electron density. Other than in Nuza et al. (2017) we apply this power-law
relation to the upstream density rather than the downstream density and utilize the
Mach number dependent compression factor 𝐶 (Eq. 1.9):
𝐵down = 𝐵up ⋅𝐶𝜁 (3.11)
54 Chapter 3. Synthetic sky surveys of radio relics
to let our model capture the magnetic field amplification due to shock compression
(Iapichino and Brüggen, 2012, Eq.3). Particle-in-Cell simulations have quantified
how the acceleration efficiency varies with the Mach number and obliquity (Caprioli
and Spitkovsky, 2014; Guo et al., 2014a): CRes have a higher-acceleration efficiency
in shocks were the ICM flow is perpendicular to the magnetic field. Wittor
et al. (2017), however, finds that merger-shocks in the ICM are predominantly
perpendicular shocks. This implies that most of the DSA induced synchrotron
emission should stem from particles in magnetic fields most amplified by shock
compression. If the synchrotron emission is sensitive to the absolute downstream
magnetic field then compression implies 𝜁 = 2∕3 for an unordered upstream magnetic
field. We use 𝜁 = 0.85which is an average of the former value and a DSA acceleration
that is only efficient for the magnetic field component perpendicular to the velocity
vector (𝜁 = 1, see Wittor et al., 2017). We do not consider here that the downstream
magnetic field strength might be further enhanced by shock upstream instabilities
(Guo et al., 2014a) and downstream turbulence (Donnert et al., 2016). The estimate
of the downstream magnetic field amplification hence is a lower bound.
3.2.4 Shock identification
Shock fronts are identified as described in (Hoeft et al., 2008; Nuza et al., 2012). The
shock identification is performed particle-wise: For each gas particle, the pressure
gradient and the shock normal are evaluated as 𝐧 = ∇𝐏∕|∇𝐏|. Three conditions are
imposed on the shock candidate:
i) ∇ ⋅ 𝐯 < 0, where 𝐯 is the velocity field,
ii) 𝑛e,up < 𝑛e,down, with 𝑛e as the electron density, i.e. it is not a cold front, and
iii) 𝑆𝑢 < 𝑆𝑑 , as the entropy for the upstream and downstream regions respectively.
For each of these three quantities we compute the Mach number based on the Rankine-
Hugoniot equations for hydrodynamical shocks (Eq. 1.6 - Eq. 1.9) and obtain three
different estimates of the Mach number . Following Nuza et al. (2017), we only
consider the lowest of the three derived Mach numbers to suppress spurious detections
of shocks. The statistics of shocks in a typical sample of galaxy clusters is shown in
Fig. 3.4. While Ψ favors shocks of  > 5, both 𝑛e𝐴 and 𝑇 tend to weight shocks
of  < 3 the most. The resulting product Ψ𝑛e𝐴𝑇 3∕2 which with exception of the
magnetic field factor 𝑓B defines the emission very much resides at the intersection of
those curves, with most of the emission resulting from  = 2…10 shocks.
3.2. Radio Relic Mock Surveys 55
FIGURE 3.4: Shown is the histogram of the relative frequency of particles with a
 shock weighted by quantities given in the legend in a representative sample of
galaxy clusters in a synthetic survey.
Note that SPH-simulations in general tend to be noisy when deriving hydrodynamical
properties. Especially density an-isotropies smaller than the kernel size will bias the
estimate of the quantities derived from gradients, like the Mach number.
3.2.5 Mock image generation
For every cluster in our sample we create a mock image which together form a sample
which can be compared with NVSS. Starting with the SPH particle radio luminosity
(Eq. 3.8) we compute the radio flux density 𝑆𝑖 for each simulated particle 𝑖 above
 > 1.5 at 1.4GHz









with the redshift-dependent luminosity distance 𝐷L(𝑧), being around 1Gpc at 𝑧 =
0.2. As this emission stems from a galaxy cluster with 𝑧 > 0we apply the 𝑘-correction
(Hogg et al., 2002) to compute the flux observed at 𝑧 = 0:
𝑆𝑖,obs = 𝑆𝑖,1.4 (1 + 𝑧)
𝛼𝑖+1 . (3.13)
To produce mock images that resemble NVSS we first bin all particles within a
distance of 2𝑅200 from the cluster center into a map 𝐦 with a pixel size of 10′′, i.e.
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22 percent of the FWHM of the NVSS. We then convolve all maps of the flux density
𝐦S with the restoring beam 𝐤beam of NVSS:
𝐦S,conv = 𝐦S ∗ 𝐤beam . (3.14)
From these maps the relics are extracted like described in Sec. 2.3.2. In particular,
all pixels within a 2𝜎rms threshold region are considered to be one relic instance. An
excerpt from a typical sample of simulated radio relics is shown in Fig. 3.5. By only
selecting relics above 𝑆1.4 = 3.6mJy and above redshifts 𝑧 = 0.05 we select those
objects that are least affected by image noise and reconstruction artifacts, respectively.
The use of𝐦S,conv hence comprises a computational inexpensive alternative to putting
the maps 𝐦S through radio interferometric reconstruction pipelines.
FIGURE 3.5: A variety of simulated relics chosen from the simulated MUSIC-2
sample, ordered from left to right, top to bottom with decreasing redshift: Emission
from the NVSS-like survey is shown in white contours, red contours show emission
subtracted with the Difference-of-Gaussians (DoG) image filter (see next section).
Contours start at 2𝜎rms and spaced by a factor of 2. The background color denotes a
simply approximation of the bolometric Bremsstrahlung emission due to Eq. 1.3.
We also create maps 𝐦𝑥 of flux-weighted quantities 𝑥, which we use to get insights
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on the ICM densities, Mach number and integrated spectral indices for the synthetic
radio relic population at a whole, used in Sec. 3.3.4. For all 𝑁 particles within a pixel







and convolve the resulting map 𝐦𝐱 with the restoring beam 𝐤beam equivalent to
Eq. 3.14. In order to retrieve the flux-weighted quantity for the whole relic, we now






For the integrated spectral index 𝛼int , we use an empirical model to impose an
additional error on the measurements of the simulated radio relics. Using the average
measurement uncertainty we corrupt the simulated integrated spectral index of a relic
by a random value chosen from a Gaussian with standard deviation 0.1.
3.3 The NVSS to MUSIC-2 Comparison
In Nuza et al. (2017) we first presented a comparison of NVSS and MUSIC-2 radio
relics. We further elaborate on this work by extending one some of the properties
described in the Cha.2. Within this section we assume 𝐵0 = 1𝜇G, 𝜅 = 0.5 similar to
Nuza et al. (2017). The values initially used for𝐵0 and 𝜅 are motivated by the rotation-
measure-based B-field measures in the Coma cluster (Bonafede et al., 2010) and are
also supported by measures of the central magnetic field strength in the center of
several galaxy clusters (Govoni et al., 2017, Fig. 14, Fig. 15). In simulations like Kunz
et al. (2011); Marinacci et al. (2018) a similar scaling of magnetic field strength with
density 𝜅 ∼ 0.5−0.7 is found. Because we implemented magnetic field amplification
through compression and parameterize 𝐵 by upstream density (Eq. 3.10) the same 𝐵0
in this work will correspond to a higher downstream magnetic field strength than in
Nuza et al. (2017). To balance this effect and obtain a comparable radio relic number
count we adopt a 60 percent lower efficiency 𝜉𝑒 = 2 ⋅ 10−5.
Both Fig 3.6 and Nuza et al. (2017, Fig. 15) are key plots to understand the
incompleteness of the NVSS radio relic sample and its impact on models of mock
observations. The reason for a deviating count of clusters with relic detections
can very complex and due to several influences. One, however, can draw some
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TABLE 3.2: Comparison of parameters used for the synthetic survey in this work
and Nuza et al. (2017)
Symbol Parameter Nuza et al. (2017) This work
𝑓sc fractional sky coverage 0.82 0.82
𝜉𝑒 energy fract. in supra-thermal e− 5.0 ⋅ 10−5 2.0 ⋅ 10−5
𝐵0 reference 𝐵 at 𝑛e = 10−4 0.8 𝜇G 1 𝜇Greference density 𝑛e downstream upstream
𝜅 exponent of 𝐵-density scaling 0.5 0.5
𝜁 exponent of compressive 𝐵-ampl. - 0.85
FIGURE 3.6: Plotted is the cumulative count of clusters with relic detections of
total flux density 𝑆1.4,cluster for NVSS (dark) and 36 realizations of the synthetic
survey with the model parameters from Tab.3.2 (MUSIC-2, bright). Note that the
simulation exhibits a variable count which stems from the stochastic nature of galaxy
cluster selection and projection. It also shows a larger fractions of clusters with
a radio flux close to the detection threshold. This supports the idea the NVSS is
incomplete towards clusters with fainter radio relics.
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conclusions from the previous diagnostic plots. In clusters with low radio (and X-ray)
flux, relics are less likely found in NVSS than in its MUSIC-2 equivalent. Because
we attempt a statistical comparison we will have to account for this effect. Without
any additional measures there will be many more relics in clusters with a low flux in
the synthetic survey than in NVSS (Fig 3.6).
3.3.1 Radio relic selection by their morphology
Quantitatively MUSIC-2 includes more ‘roundish’ and small objects than NVSS. In
Nuza et al. (2017) we used a distinction between elongated and ‘small-roundish’ relics
to reduce the discrepancy between the number counts of relics in the survey and
simulation. We acknowledge the importance of controlling our sample of simulated
shocks. Therefore, we further iterate on methods to to constrain the number of
detected relics in the synthetic sample to match observations. In Nuza et al. (2017) we
identified three possible reasons for this: i) spurious shocks in the simulation due to
the shock-detection scheme, ii) additional clumping resulting from missing radiative
physics, and iii) real detection bias in NVSS.
Removal of spurious shocks with image filters
We attribute spurious shocks to compact agglomerates of SPH particles in the
simulation. In the image they should show up as bright, compact regions within the
galaxy cluster. We remove these regions by applying a mask in the image plane that is
derived from a DoG image (Fig. 3.7). This method stems from the field of computer
vision (Young, 1987) and leverages Gaussian image filters 𝐹𝜎: Two instances of the
same image 𝐼𝜎 = 𝐼 ∗ F𝜎 at different resolutions 𝜎1,𝜎2, with 𝜎2 > 𝜎1 are subtracted





can be thresholded to attain a blob detector (Schowengerdt, 2007). Sources which
appear as point-like below a resolution of 𝜎2 and above a resolution of 𝜎1 are detected
detected as blobs. The more similar 𝜎1 and 𝜎2 are, the more responsive is the DoG
algorithm to only a certain scale. We use Gaussians of 20 kpc and 60 kpc FWHM to
filter bright shocks that are below ∼ 50 kpc in size. Specifically, we reduce the flux
density of regions 𝐼DoG,norm > 0.75 by 80 percent and apply this procedure a second
time.
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FIGURE 3.7: Effect of the DoG-filter on a typical simulated galaxy cluster
with compact and extended radio emission: Shown are raw simulation (left), the
removed emission at synthesized resolution (middle), and the synthesized image
after application of the mask (filled contours) due to 𝐼DoG,norm (right).
The threshold is specifically chosen for the MUSIC-2 simulation and based on our
own assessment of the high-resolution images (left panel Fig. 3.7) to decide which
shocks are spurious and which not. Because the Difference-of-Gaussians filter can
leverage the full resolution of the simulation, this method gracefully handles the
source confusion that might arise from using a shape based filter of sources at
NVSS-like resolution as used in Nuza et al. (2017). From comparing the synthetic
image with and without the DoG-filter we can conclude that while the DoG technique
marginally decreases the number of compact relic detections and faint relics it cannot
account for the full discrepancy of observed and simulated radio emission - at least
not if we leave the shocks from the simulation that are very likely physical untouched.
In Nuza et al. (2017) we reasoned that the compact objects are most likely "a
combination of the simulation technique and the lack of energy feedback in [the]
simulations." Since then we further iterated on the question if additional radiative
physics within the simulation leads to less compact emission: Skillman et al. (2013)
find that independent of the implemented radiative physics simulations produce
essentially the same radio relic populations. This is why Skillman et al. (2013) prefer
to use the adiabatic over radiative simulation. Through our own experiments (see
App. B) we come to the same conclusion as Skillman et al. (2013): Radio relics should
be predominantly produced in the outskirts of galaxy clusters - regions whose thermal
properties are only negligible affected by cooling. We add the notion that radiative
simulations that include AGN-feedback can have even more spurious, compact shocks
and for brevity use the adiabatic MUSIC-2 simulation henceforward.
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Removal of compact relics
Examples of NVSS radio relics only being recently discovered are PSZ1 G200 (Kale
et al., 2017), RXC J0225 (Shakouri et al., 2016), and A3527-bis (de Gasperin et
al., 2017) - making it clear, that the sample of radio relics detectable in NVSS is
very likely incomplete. To correct for this, we aim at identifying morphological
differences between the radio relics of synthetic and NVSS-based samples. The most
simple morphological parameters that can be compared are shape 𝑠 and LAS. On
the logarithmic LAS-shape distribution we apply a Principial Component Analysis
(PCA) to find the axis of largest variation for NVSS and MUSIC-2 radio relics. A
PCA finds the orthogonal projections (components) of the data which are linearly
uncorrelated from each other and by that identifies the projections along which the
variation is maximized. The first principal component explains 88 percent of the
variance in the data. Along this first principal component NVSS and MUSIC-2
relics show a strong separation from each other. The result is shown in Fig. 3.8.
Note that a PCA on another MUSIC-2 sample would yield very similar principal
components. As our goal is to exert control over the sample of compact simulated
relics we introduce a probability 𝑝select for each radio relic to be considered in the





with 𝑥 = (PC1 − 𝑏pca,f ilter)∕𝑎pca,f ilter
and PC1 = 0.584(log10(LAS[′]) − 0.451)
− 0.812(log10(𝑠) + 0.469) (3.19)
with 𝑏 parameterizing the point where the object detection is only about 27 percent
complete (with larger 𝑏 indicating a less complete sample) and 𝑎 setting the ‘width’
of the transition. For this chapter we use 𝑎pca,f ilter = 0.08 and 𝑏pca,f ilter = −0.08 as
subjectively chosen best-guesses for those values. Like the LAS-shape-based cut in
Nuza et al. (2017) this helps to balance the sample of compact radio relics but allows
a continuous transition towards the compact end of the radio relic population. Note
that for 𝑎 → 0 the function turns into hard cut in parameter space similar to the one
used by Nuza et al. (2017). With this method we are able to correct the cluster counts
and relic morphological statistics (Fig. 3.9), thereby increasing the similarity of the
synthetic distribution with NVSS in LAS-flux-shape space.
To conclude, because we use the same simulation as Nuza et al. (2017) and can only
theorize on the cause for the overabundance of small and roundish radio relics, we
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FIGURE 3.8: Principal components of the PCA applied on the NVSS (blue) and
MUSIC-2 (orange) sample in the LAS-shape space.
FIGURE 3.9: Detection probability distribution (left) and LAS-shape distribution
(right) of NVSS relics (blue) and MUSIC-2 relics before (orange) and after (green)
stochastic filtering. The circles denote the points that are projected to one and two-
times the unit-variance.
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will have to consider it as a part of the model specific behavior. We do, however,
account for this behavior in two ways: Firstly, we use a DoG-filter to remove for
spurious shocks. Secondly, we describe the detection probability 𝑝select of the relics
in the synthetic survey with a logistic function. The function is applied on the first
principal component derived from the relic distribution in shape-LAS plane. For each
galaxy cluster a number randomly drawn from the interval [0,1] is used to decide
which synthetic relics are selected for the survey sample and which not.
3.3.2 About the MUSIC-2 host clusters of synthetic relics
We get useful insights by investigating the parameter plane that is often used to
identify the Malmquist bias: For cosmological surveys this bias is most visible in
the 𝑃 − 𝑧 plane. Because cluster mass and radio relic luminosity are correlated in
NVSS (Fig. 2.8) we alternatively investigate the bias in the 𝑀 − 𝑧 plane (Fig. 3.10).
This depiction helps us to understand what the effective similarity of galaxy clusters
of the NVSS relic sample and the synthetic sample is.
MUSIC-2 and NVSS clusters with relic detections follow different trends: There is
an overlap of both in the redshift range 𝑧 = 0.15 − 0.3. At redshifts below 𝑧 = 0.15
NVSS detections belong to galaxy clusters that are less massive than the central
galaxy clusters in MUSIC-2. Clusters in our simulated sample, in this regime, are
in general very massive and not representative for the NVSS-clusters. For redshifts
above 𝑧 = 0.3 NVSS detections exists in galaxy clusters that are more massive than
the simulated ones. At this point we know, that due to the selection bias, different
biases in the clusters masses exists.
From Fig. 3.10 we can conclude that for NVSS-like synthetic surveys it is sufficient
to only consider simulated clusters that fulfill the empirical criterion:
log10(𝑀200∕M⊙) > 13.6 + 2𝑧cl . (3.20)
Using this simple cut reduces the number of sampled MUSIC-2 clusters within
the redshift range 0.05 − 0.70 by about 70 percent. We employ this cut in the
following sections to boost the speed of any mock-simulation (along with the
measures described in Appendix D).
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FIGURE 3.10: Scatterplot of cluster masses over redshift for NVSS relic-hosting
clusters (blue circles) and MUSIC-2 clusters of a typical synthetic sky survey. Also
denoted are all sampled MUSIC-2 clusters (small, gray crosses), those clusters
hosting relics without the filter described in section 3.3.1 (orange pentagons),
and the clusters hosting relics after applying the filter (thick green borders). The
normalized occurrence rate of each type of clusters is added on the x and y axis.
While the simulated clusters span a wide range, clusters with relic detections
populate a different area. NVSS clusters at low redshifts span a wider redshift
and mass range than MUSIC-2 clusters with relic detections. The regressions with
shaded 68 % confidence interval show, that the distributions follow different trends.
The empirical cut of Eq. 3.20 in cluster mass is denoted with the dashed black line.
The upper NVSS outliers are A2163 at 𝑧 = 0.20, and PLCK G287 at 𝑧 = 0.39.
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3.3.3 Relic scatter plots
We will leverage the statistics shown in Sec. 2.4 to compare NVSS with the synthetic
survey (Fig. 3.11). Depending on the compared quantity the DSA model from thermal
pool electrons gives a good result with the assumed set of parameters (Tab. 3.2). At
this point it is however not clear, if a match to all observed properties is possible with
this model. We reproduce the strong correlation in 𝑃1.4,rest−LLS from Sec. 2.4.1,
Eq. 2.12. By constructing a synthetic survey with different sensitivities (Fig.3.12) we
show that the exact normalization of this correlation largely depends on the survey
sensitivity. This is important, because it reveals that any regression on quantities in
surface-brightness limited surveys is prone to selection biases.
3.3.4 Averaged physical quantities of MUSIC-2 relics
The advantage of the synthetic survey over NVSS is that we can easily investigate the
physical quantities that are linked to the radio emission. Fig. 3.13 shows the physical
quantities for one mock survey with aforementioned model parameters. It reproduces
NVSS-like relics quite well in most quantities but the distance. The smoothed
particles downstream have temperatures 𝑇 ∼ 7− 20 keV > 7 keV = 𝑇0 and densities
𝑛e ∼ 10−3 cm−3. Partially, this is the immediate effect of compression, as the flux-
averaged Mach numbers are quite high ( = 3…6). While the average relic area
is around 0.1Mpc2 all other quantities are, in average, larger than the normalizing
quantities used in Eq. 3.8. This explains, why for this particular parameter set, relics
with radio powers ≳ 1024W∕Hz are simulated.
In summary, the analysis shows that higher relic luminosities are mostly related to the
following quantities, in increasing order of importance (absolute value of Pearson-
correlation): temperature 𝑇 , density 𝑛e, area 𝐴, and, by least, the Mach number.
Colafrancesco et al. (2017) argue that the absence of any correlation between radio
power and Mach number indicates that the radio relic properties are mainly governed
by the pre-existing CR electron population. Fig. 3.13 shows that a missing correlation
in  and 𝑃1.4 can arise in radio relic models without any pre-existing CRes, possibly
from an interplay of relic projection and selection effects. We therefore reject the
statement of Colafrancesco et al. (2017) on concrete insights on the pre-existence of
CRes in the ICM arising from a lack of this correlation.
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FIGURE 3.11: A comparison of relic properties measured in NVSS (green) with the
synthetic survey based on model Tab. 3.2 (orange): Shown are the linear regression
with 1𝜎 confidence shaded area (upper right) and the KDEs for one (central
diagonal), and two parameters (lower left). Both surveys match well in power and
size but remain with a discrepancy in the integrated spectral index and distance to
the cluster center.
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FIGURE 3.12: Shown is the 𝑃1.4,rest-LLS distribution of relics in NVSS (orange) and
for a synthetic survey with three different survey sensitivities (blue, 36 realizations
each).
3.3.5 The averaged projected relic in MUSIC-2
Both in the scatter-matrix and in the comparison of the average projected relic
(Fig. 3.14) we see that the model attributes more relic emission towards the inner
0.5𝑅200 of the galaxy cluster (Nuza et al., 2017) than NVSS . In the analysis of
twenty merging galaxy clusters Vazza et al. (2012, Fig. 4) found the peak synchrotron
emission at 0.5𝑅vir ≡ 0.6𝑅200 for similar magnetic field assumptions as those in
this work. While this is more in line with the findings of NVSS, their analysis makes
simpler assumptions about the selections of clusters and relics.
One of the questions we want to answer is that if a fine-tuning of the model parameters
is able to bring the distance of radio relics in agreement with observational data. In
Fig. 3.14 we see the effect of changing 𝜅 towards values that favor strong magnetic
fields and hence brighter radio relics in the cluster outskirts while keeping 𝐵0 and 𝜉𝑒
fixed. While more overlap can be achieved at 𝜅 = 0 it is clear that a homogeneous
magnetic field strength stands in conflict with the empirical evidence (Sec. 3.2.3).
Our findings confirm that simulated relics differ from observed ones, i.e. they are
found in greater proximity to their host cluster (comp. Fig. 3.14). One might argue
that adiabatic HD-simulations of thermal-pool DSA relics are insufficient to provide
a population of relics that peaks at the cluster distance of 0.6𝑅200. It is therefore
worthwhile to assess if the full available parameter space yields solutions that match
the NVSS radio relic population in its key features.
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FIGURE 3.13: Scatter matrix of the flux averaged physical quantities used in Eq. 3.8
to compute the shock radio emissivity for the same model parameters as in Fig 3.11:
Shown are the linear regression with 1𝜎 confidence shaded area (upper right) and
the KDEs for one (central diagonal) and two parameters (lower left).
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FIGURE 3.14: Shown is the average projected radio relic for the MUSIC-2
simulation with the parameters described in this section (top) and with a magnetic
field density scaling of 𝜅 = 0 (bottom) for 36 runs each. The median signal
of the synthetic survey at given distance is denoted as the thick red line. As the
magnetic fields becomes more homogeneous more relic emission is found in the
cluster outskirts. For a 𝜅 = 0 the peak of NVSS is however not fully recovered.
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3.4 Summary
We described how we updated the scheme of Nuza et al. (2017) to create a mock
survey based on the hydrodynamical simulation MUSIC-2. The simulated volume
is smaller than the volume observed by the synthetic survey. Sampling bias will
be present. We implement several measures to improve on the realism of the used
simulation and the features of the synthetic radio relic population:
• To each simulated galaxy cluster we assign a galaxy cluster snapshot and
project the observed quantities along a random direction, taken from one sub-
volume of 2𝑅200.
• The MUSIC-2 adiabatic simulation shows shocks from small substructures that
we do not consider to occur in more sophisticated simulations of the ICM. We
apply a Difference of Gaussians (DoG) filter to remove spurious signal. A
relative overabundance of compact relics in MUSIC-2 remains.
• Applying a probabilistic selection function of radio relics based on data
projected towards the first principal component in the LLS-shape space allows
one to create a synthetic survey which is similar to NVSS in the relic
morphological statistics. With the probabilistic selection, this model expresses
the assumption that faint and compact relics have a detection probability
significantly lower than one. One bias that we consider unaddressed in the
mock survey is a bias in the sampled mass-range of galaxy clusters.
Investigating the relic statistics reveals that a reasonable match of observed and
synthetic sky survey would need to change the model so that it would to lead to
relatively more detections of bright radio relics at 0.6𝑅200. We rebut the argument of
Colafrancesco et al. (2017) that a missing correlation of radio power and integrated
spectral index must go along with a significant contribution of pre-existing CRes to
the radio relic emission. As the employed model has many ill-constrained parameters,
we deem it important to search the existing parameter space for the best possible
solutions. We will focus on the physical parameters (𝜉𝑒, 𝐵0, and 𝜅) as well as the
selection bias 𝑏pca,f ilter .
71
Chapter 4
Approximate Bayesian Inference of
Radio Relic Model Parameters
In Cha. 3 we described a model based on the cosmological simulation MUSIC-2 and
asked if it is able to reproduce the observed NVSS relic population. In this chapter
we infer the best matching parameters of the radio relic model brought up in the last
chapter. We explain why we use approximate Bayesian computation for parameter
inference in Sec. 4.1, describe its implementation in Sec. 4.2. In Sec. 4.3 and Sec. 4.4
we show the inferred parameters of this analysis and assess their implications on the
origin of radio relics.
4.1 Parameter inference on population models
Population models yield statistics on the properties of single entities. Those statistics
allow us to incorporate native measures of physically disconnected objects, like
radio relic, into the model inference. The inference, however, comes with its own
methodological requirements. The scheme of parameter inference that one can apply
is sensitively linked to the problem description.
4.1.1 About Bayesian Inference and its limitations
The Bayesian theorem describes how to update the probability of a hypotheses, given
the evidence and already existing (prior) knowledge:
𝑃 (hypothesis|evidence) = 𝑃 (evidence|hypothesis) ⋅ 𝑃 (hypothesis)
𝑃 (evidence) (4.1)
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Put into the context of parameter inference for scientific models, one can infer the
posterior probability density function (PDF), also called the posterior distribution
𝑃 (𝜃|) of the parameters 𝜃 of a given model from the data :
𝑃 (𝜃|) = 𝑃 (|𝜃)𝑃 (𝜃)
𝑃 ()
. (4.2)
It is derived from the conditional likelihoods 𝑃 (|𝜃), the prior probability 𝑃 (𝜃) of
the model, and the marginal likelihood 𝑃 () that we already know as evidence. This
theorem allows one to seamlessly combine prior knowledge with new observations.
In addition, it provides a probability density instead of a point estimate of the most
probable case, as retrieved by maximum likelihood approaches.
In the field of parameter inference the Bayesian method has found strong approval due
to its ability to optimize the inferred quality by both using the maximal support of data
and minimizing the bias, which only leaves it to the predictive power of the model to
reproduce the data. It, however, comes with its own methodological requirements. It
is only applicable to models that can be described by Markov chain processes of the
exponential family - which includes Gaussian (noise) processes. This is for example
the case if an image is corrupted by Gaussian noise or a power spectrum by pink
noise. This assumption, however, often is violated once more complex processes are
at play and lead to a likelihood function that is hardly traceable.
A set of likelihood-free techniques has been developed to address this issue and
allow the parameter inference on a wider range of models. Likelihood-free parameter
inference techniques are listed as one of the key methods that will be used to advance
cosmology in the 2020s (Paul et al., 2019). Approximate Bayesian computation
(ABC) is one of those techniques.
4.1.2 Approximate Bayesian Computation
Approximate Bayesian computation (ABC) was introduced by Tavaré et al. (1997)
and J. K. Pritchard et al. (1999) to allow estimating the posterior distribution 𝑃 (𝜃|)
if the likelihood 𝑃 (|𝜃) is not analytical derivable. It is based on the idea, that
any model realization drawn from the true posterior probability density will lead to
data similar to the ones observed. Finding the true posterior probability density now
becomes a question of finding models that reproduce the observations in their key
properties. Specifically, one can draw realizations from the prior and only accept
those trials that resemble the observation the best. The distribution of the accepted
trials in the model parameter space will allow an approximation of the true posterior
4.1. Parameter inference on population models 73
distribution. Depending on the employed scheme the approximation of 𝑃 (𝜃|) can
be very close to the real posterior.
The workflow of creating an ABC method is as follows: First one defines parameters
𝜃𝑖 of a forward model 𝑀 with output 𝑂(𝑀,𝜃). This is followed by defining the
distance metric Δ(𝑂,𝐷) to compare 𝑂 of the forward model with available data
. Lastly, one has to choose the acceptance interval 𝜖. The model trial 𝑂(𝑀,𝜃)
is accepted if:
Δ(𝑂M,𝜃,𝐷) ≤ 𝜖 (4.3)
and else rejected. One example of ABC is shown in Fig. 4.1. We show this
example, because for this particular case we can estimate the true posterior through
Bayesian inference and confirm that the ABC estimate is in the best case exact (see
Appendix C). Because of the statistical nature of the forward model, the output 𝑂 and
hence the metric distance Δ(𝑂,𝐷) can be different even for model realizations with
the same parameters 𝜽. This is why for a given 𝝐 some model realizations close to
the final posterior are discarded, while others which are further away are kept.
One of the challenges in ABC is to define the acceptance interval 𝝐. While an
acceptance interval that is wide will lead to a very poor estimate of the posterior
distribution, a small 𝝐 will require an extensive number of forward model realizations.
There is, however, no need to keep 𝜖 fixed. ABC sequential Monte Carlo (ABC-SMC,
Beaumont et al., 2009; Toni et al., 2009), also referred to as ABC population Monte
Carlo (ABC-pmc) methods, are inspired by sequential Markov chain Monte Carlo
(MCMC) approaches. There the estimate of the posterior distribution is iteratively
improved and the acceptance interval 𝜖 shrunken iteratively. This allows ABC
sequential samplers to decrease the number of required forward model trials with
respect to simple ABC. Still ABC-pmc holds all favorable properties, allowing for
convergence to the approximate posterior distribution density without the need to
define any explicit conditional probabilities. The pseudo-code is shown in Algorithm
??. Estimating the posterior probability density is done in every iteration and a key
factor of efficient parameter sampling in ABC-pmc (Alg. ??, line 13). We use an
optimal local covariance matrix kernel (OLCM), where the posterior distribution is
estimated locally by a variable number of model trials in the nearby parameter space
(Filippi et al., 2013). This approach combines a high ratio of accepted to rejected
model samples, i.e. the acceptance ratio, with a good exploration of the parameter
space (Akeret et al., 2015).
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]
FIGURE 4.1: An example of ABC with 𝑁trial = 105 model trials uniformly sampled
from the shown parameter ranges: 𝑁sample = 300 measures are sampled from a
Gaussian distribution with 𝜇true = 0 and 𝜎true = 1. For each trial, model parameters
are sampled from 𝜇prior = [−0.4,0.4] and 𝜎prior = [0.7,1.3]. Top: From left to
right, top to down are selected the 1/3, 1/9, 1/27, and 1/81 fractions of model trials
with the smallest deviation from the data in terms of derived mean and variance.
For this particular example the solution converges to the exact probability density
function (PDF) when taking the models that belong to the 1/9 best in both criteria.
The estimate of the posterior converges to 𝜇posterior = −0.06+0.06−0.06 and 𝜎posterior =
1.00+0.05−0.05. More data, i. e. a larger 𝑁sample, would yield a better constraint. Wesee that estimating the posterior with a limited number of model trials does impose
a sampling error, which is most pronounced for the most restrictive threshold 𝜖.
Bottom: Shown are the KDE distributions of the differences in 𝜇 and 𝜎 with the
selection criteria 𝝐 being indicated by a vertical line.
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4.2 Building up intuition for ABC-pmc
In this section we describe a simple case of ABC-pmc-based inference on the NVSS
data set to help the reader to develop an understanding of the strengths and caveats of
this technique. We proceed to describe the metrics that we use for our inference.
4.2.1 Summary statistics and distance metrics
The basic idea of ABC is to compare the forward-model and the available data
based on a set of measurements. Estimating the discrepancy between the observed
and simulated data in a high-dimensional space is highly non-trivial. The subspace
where both model and observed data overlap will shrink exponentially with the
dimensionality of the data space. The number of required forward-model runs to
get an accepted sample, in consequence, increases exponentially with the number
of comparison criteria. This effect is called the curse of dimensionality and if not
accounted for will make any analysis unbearably slow. It is hence a sensible measure
to limit the number of compared criteria via dimensionality reduction techniques.
One of these ways is to use summary statistics. Summary statistics provide low-
dimensional representations of the data that can be used in the metric Δ(𝑂,𝐷) which
is a one-dimensional representation of the dissimilarity between model and data.
The posterior distribution estimated by ABC will still converge to the real posterior
distribution if one uses sufficient summary statistics (Casella and Berger, 2001;
Robert et al., 2011). In the case of a Gaussian distribution of data these sufficient
statistics are the mean and (co)variance - which we exploited in Fig. 4.1. These
sufficient statistics, however, only exist if the likelihood of the data distribution can
be described by the exponential family of distributions.
In all other cases the estimated posterior will be an approximation of the true posterior.
The goal within any ABC procedure is not to find the sufficient but to find an
informative summary statistics. The suitability of a metric for model selection can be
described with the concept of Fisher information. It is a description for the amount of
information an observed random variable caries about an unknown parameter 𝜃. In
practice one wants to choose a representation where the variance of the observed
variable (of different forward-model outputs) is small relative to the differences
caused by changing the model parameters. The choice of summary statistics always
involves a trade-off between retaining as much Fisher information as possible while
limiting the dimensionality of the metric (Aeschbacher et al., 2012). Advanced
studies choose a number of linear combinations of summary statistics, that maximize
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the independence of the parameter estimates (Heavens et al., 2000). In our case
we motivate the choice of the used metrics by sensitivity tests (see Sec. 4.2.3-4.2.2)
- thereby focusing on explainable metrics rather then the highest possible model
selection strength.
4.2.2 Fisher information of the used metrics
We explore which metrics are informative in our case, i.e. useful to further shrink the
model parameter space. We therefore test in the sense of Fisher information, if the
stochastic variation of the model is small compared to the variation of the data any
model parameter. In preparation for applying the ABC-pmc procedure and the full set
of physical model parameters we investigate how some the metric distance between
NVSS and some models changes when varying 𝜉𝑒 and 𝜅.
Number count of relic hosting clusters: Δcount
We base our first metric distance Δcount on the relative difference in the number of






in both surveys. In our case, we use 𝑁1 = 𝑁cl,NVSS = 39 and hence
favor synthetic surveys with similar 𝑁2. The metric distance ranges from
[0,
√
max(𝑁1,𝑁2)∕min(𝑁1,𝑁2)]. It is very straightforward to apply this metric
Δcount , yet it is sensitive to detection biases. As described in Sec. 3.3.1 we mimic
detection biases in the synthetic survey through a probabilistic selection of radio
relics, based on their size and shape.
While number count will be correlated with all parameters that have an influence on
the number of radio relic detections, it is insensitive to the position and morphology
of radio relics. We agree with Pinzke et al. (2013) on the notion that relic number
counts alone are not sufficient to differentiate between different models of particle
acceleration. It is, however, a way to normalize the efficiency 𝜉𝑒 of the acceleration
process with respect to the magnetic field strength (Fig. 4.2). In this example we see,
that Δcount is a very effective at discriminating between 𝜉e up two a relative difference
of less than 50 percent. We also see that 𝜅 also has an influence on the number of
clusters with radio relic detections.
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FIGURE 4.2: Shown is the distribution of the metric Δcount for 36 samples smoothed
by a KDE when varying the efficiency 𝜉𝑒 and 𝜅.
Power-LLS distribution: Δ2DKS
Radio power and LLS are the strongest correlated pair of variables in our data.
Like Δcount this distributions depends on 𝜉e but also shows an sensitivity to the
magnetic field exponent 𝜅, and the detection bias parameter 𝑏pca,f ilter (Fig.4.3). A
FIGURE 4.3: Shown is the 𝑃1.4,rest-LLS distribution of relics in NVSS (orange)
and MUSIC-2 sampled from three different model parameter sets each reproducing
roughly the same number of radio relics (blue, 36 realizations each). The slope is
influenced by 𝜅, a larger 𝜅 leads to more compact relics. From Fig 3.9 we know that
𝑏pca,f ilter influences the number balance between small and larger radio relics.
two-dimensional two-sided Kolmogorov-Smirnov test (Peacock, 1983; Fasano and
Franceschini, 1987)1 returns the probability 𝑝ks of the hypotheses that both samples
1The fact that this is a strong correlation would allow to test for the correlation coefficient.
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are drawn from the same distribution. Specifically, it computes the difference of
the cumulative sums along the parameter axis/pair between the distributions. The
supremum, i.e. largest occurring discrepancy is a statistical indicator for the similarity
of both samples. The advantage of this test is that it works on small samples of
continuous (i.e. unbinned) data points. While the one-dimensional test does not
assumes a specific (i.e. Gaussian) distribution the two-dimensional makes an implicit
assumption that this is the case. The test’s wide applicability, however, comes
at the cost of reduced discriminating power, being visible in the relatively large
overlap between the different models (Fig. 4.4). We apply this test on the 𝑃1.4-LLS
distribution of radio relics. The metric
Δ2DKS = 1 − 𝑝ks(𝐷,𝑂) (4.5)
is sensitive to the total number of relics (Fig. 4.4) as well as to 𝜅. The reason is that 𝜅
affects the slope of the 𝑃1.4 and LLS correlation, while the distribution of relics along
this correlation is mainly affected by the normalization of the electron acceleration
efficiency 𝜉𝑒.
FIGURE 4.4: Shown is the distribution of the metric Δ2DKS for 36 samples
smoothed by a KDE when varying the efficiency 𝜉𝑒 and 𝜅. Note that the model
𝜉e = 4 ⋅ 10−5, 𝜅 = 1.0 was removed from those plot as its density histogram would
be very peaked at values of one and hence disturb the scale of the other plots.
The average projected relic: Δaverage relic
In Sec. 2.4.3 we introduced the average projected relic in terms of distance of 𝑅200.
This statistic can be used to identify if the relics are found in the correct distance to
the cluster center. In the Cha. 3, Fig. 3.14, we found that this summary statistics is
sensitive to 𝜅. The metric itself is the total difference of the smoothed radial profile
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|𝑆D,1(𝑟𝑖) −𝑆D,2(𝑟𝑖)| . (4.6)
Because the sum of all bins of 𝑆D is strictly one (Eq. 2.18), this metric evaluates a
similarity of two data-sets between zero and two. Note that the minimal reachable
FIGURE 4.5: Shown is the distribution of the metric Δaverage relic for 36 samples
smoothed by a KDE when varying the efficiency 𝜉𝑒 and 𝜅.
difference Δaverage relic ∼ 0 is not attained within the selected parameter sets. Lacking
a parameter combination that leads toΔ = 0 is a strong hint at a limited expressiveness
of a model. Models which are to simplistic will only be able to reproduce a subset of
summary statistics. With increasing complexity, a model is able to reproduce a larger
set of possible observations. Trying to fit a model on criteria that it cannot reproduce,
will bias the estimate of the other parameters in an unpredictable way.
The average integrated spectral index: Δ𝛼int
In addition to the dissimilarity in average projected relic position we measured Mach
numbers in NVSS that are slightly different than the ones derived from synthesized
surveys (Fig. 3.11). We employ the difference of the arithmetic means of 𝛼int of both
samples:
Δ𝛼int = |𝛼int,1 − 𝛼int,2| (4.7)
as a simple metric that encodes the effectiveness of particle acceleration for different
Mach numbers. For our particular case with 𝛼int,1 = 𝛼int,NVSS = −1.213 (using the
known 𝛼int from Tab. 2.3). Investigating this Δ𝛼int for the model selection (Fig. 4.6)
reveals that it favors higher values of 𝜅 thanΔaverage relic. As the average Mach number
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FIGURE 4.6: Shown is the distribution of the metric Δ𝛼int for 36 samples smoothedby a KDE when varying the efficiency 𝜉𝑒 and 𝜅.
of shocks in clusters increases with larger distance both optimization criteria are
antagonistic when selecting models (compare Sec. 4.2.2) - yet we have to reproduce
relics that are farther out than the average simulation. Using both metrics for ABC
results in a PDF which compromises between both.
4.2.3 Example: One free parameter, one metric
As a first trial of model inference on the NVSS dataset and the model of a synthetic
survey introduced in Cha. 3, we test how our approach performs in the case of an
unknown 𝜉𝑒. We set a uniform prior in the logarithmic space for 𝜉𝑒 bounded within
[−7,− 4]. All other variables of the used model remain fixed:
• survey completeness 𝑝compl = 0.82 (Eq. 3.6),
• magnetic field normalization 𝐵0 = 1𝜇G, density scaling exponent 𝜅 = 0.5
(Eq. 3.10), enhancement factor 𝜁 = 0.85 due to compression (Eq. 3.11),
• "Filter"-criteria, i.e. 𝑆1.4 > 8𝜎rms ⋅ beam, DoG (Fig.3.7), and shape-based
detection probability (Eq. 3.19).
We will constrain the unknown parameter 𝜉𝑒 only due to the number count Δcount of
filtered galaxy clusters. We base our rejection threshold 𝝐 on quantile: model samples
are accepted that rank in the 0.75 best quantile (for every metric) compared to all
models accepted in the last iteration. For each iteration we choose a population size of
135 samples to be accepted. Once the chosen number of model realizations fall within
𝝐, the iteration step is completed. Once the estimated PDF becomes stationary, i.e.
doesn’t change any longer, we can assume ABC-pmc to be completed. At this stage
the acceptance ratio is continuously decreasing as smaller 𝝐 do not help in shrinking
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FIGURE 4.7: Violin plot of the development of the posterior-estimate of the
efficiency 𝜉e over all twelve iterations. This experiment generated 4000 model
samples, using 2500 CPU hours of computing time.
the PDF any more. At its extreme the shrinkage of the acceptance ratio goes with
𝑞𝑢𝑎𝑛𝑡𝑖𝑙𝑒𝑁metric , in this case 0.751 = 0.75 per iteration.
The evolution of the estimated PDF is shown in Fig 4.7: Within 5 iterations the
estimate of the posterior probability converges to 𝜉𝑒 = −4.69 ± 0.08. As we will see
in the next section, once we relax the assumptions on the magnetic field parameters,
this estimate becomes less confined.
4.3 Exploring the standard emission model
Here we present the first results of ABC-pmc modeling to explore the whole
parameter space of the standard emission model that we used throughout this work.
The full parameter set that we can explore consists of three emission model plus one
detection bias parameter. In this experiment the used summary statistics are Δcount ,
Δaverage relic, Δ2DKS−test , and Δ𝛼int . Though there are several methods to constrain 𝐵0,
𝜉𝑒, and 𝜅 which we label as the model 𝑀DSA,therm we show that even with the limited
number of NVSS relic clusters we are able to set a constraint on these parameters.
At each ABC-pmc iteration step we required 250 simulation trials to be within the 0.85
quantile of all metrics compared to all models selected at the last iteration. At the first
step of iteration we start with an uniform prior in the parameter space 𝜽 of 𝑀DSA,therm
and set the initial constrains to Δcount < 3, Δaverage relic < 0.7, Δ2DKS−test < 0.98, and
Δ𝛼int < 0.2. We consider a of number 250 trials as sufficient to allow an estimate
of the posterior distribution 𝑃 (𝜃|) for the given number of free model parameters.
In any typical ABC-pmc experiment several thousands to tens of thousand model
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realizations are produced. In practice the final quality of the model inference will
become limited if the forward model is computational prohibitive (Schmit and J. R.
Pritchard, 2018; Kern et al., 2017). Because of this, the rate at which the forward
model produces predictions is one of our prime interests. In Appendix D we describe
what measures we took to reduce the run-time of ABC-pmc to roughly two weeks per
experiment for the used hardware of 16 CPUs.
The acceptance ratio between the last two iterations shrank by the maximum possible
margin of 0.51 ∼ 𝑞𝑢𝑎𝑛𝑡𝑖𝑙𝑒𝑁metric = 0.854 = 0.52 indicating convergence. For this
particular experiment, ABC-pmc converged to a stable estimate of the posterior (Fig
4.8) within 6 iterations. We let the procedure run further after the 6th iteration
iteration, to gather more model trials that fulfilled the selection criteria Δcount <
0.799, Δaverage relic < 0.2667, Δ2DKS−test < 0.7196, and Δ𝛼int < 0.0435.
The estimated PDF reveals several degeneracies in the parameter estimate: Firstly,
as pointed out by Nuza et al. (2017) 𝐵0 and 𝜉𝑒 are strongly negatively correlated
when only accounting for the number of (elongated) relics. The slope of this
correlations flattens below 𝐵0 ∼ 5𝜇G, causing the PDF to bend at this threshold.
The reason for the flattening of the PDF is the lower dependency of the total
emitted synchrotron emission on the magnetic fields for magnetic field strengths
above 𝐵cmb as described in Sec. 3.2.2. This degeneracy can only partially be broken
when invoking the two-dimensional two-sided Kolmogorov-Smirnov test (Δ2DKS)
on the LLS-𝑃1.4 distribution of radio relics. To break this degeneracy one needs
to incorporate metrics that are informative for 𝜉𝑒 or 𝐵0. A measurement of further
relic properties like polarization or Faraday Rotation measured in future surveys will
likely be suited to further confine the parameters of the magnetic field, and with that
also the acceleration efficiency 𝜉𝑒. Secondly, while the marginalized estimate of 𝜅
(the exponent of the magnetic field to density scaling) is 0.56+0.49−0.63, it is negatively
correlated with the strength 𝐵0 of the magnetic field. A similar positive, yet positive
correlation is seen with 𝑏pca,f ilter (the survey completeness for compact relics) and 𝜅.
While absolute values of 𝐵0 ≳ 10𝜇G and a homogeneous magnetic field 𝜅 ∼ 0 are
not excluded by the estimated log10(𝐵0∕𝜇G) = 1.2+0.40−0.49 and 𝜅 = 0.56+0.49−0.63 they are
not supported by direct studies of the magnetic field (Govoni et al., 2017) or estimates
of the magnetic field strength downstream the shock due to the width of radio relics
(5 − 10𝜇G as by Rajpurohit et al., 2018). Note that higher values than measured can
be expected if other amplification effects of magnetic fields take place downstream
the shock. By selecting trials with 𝐵0 < 5𝜇G we can investigate the assumption
that the magnetic fields are in line with the known literature values. This assumption
leads to a more confined 𝜉e = −4.71+0.14−0.13, 𝜅 = 0.94−0.38−0.35, suggesting a somewhat
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FIGURE 4.8: Corner-plot (Foreman-Mackey, 2016) including the 950 model trials
that fulfilled the 𝝐 requirements of the last (fifth) iteration - which we deem to have
converged: The labels on top of each histogram indicate the mean and one sigma
variance. The labels on top of each 1D-histogram show the 0.5 quantile of the
marginalized distribution with the upper and lower errors referring to the +𝜎 and
−𝜎 quantile. The density-plots show contours engulfing the sample within the 30,
60, 90 percent of highest density, respectively. The values in the lower-left of each
density-plot indicate the Pearson-correlation.
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higher magnetic-field to density scaling than proposed by other the observations.
Interestingly, the additional constraint on 𝐵0 effectively suppresses all degeneracies
but of the one between 𝜅 and 𝑏pca,f ilter . This suggests that knowing either 𝐵0 or 𝜉e
would reduce the uncertainties of this analysis drastically.
One of the major advantages of (approximate) Bayesian computation is that one can
quantify the suitability of the model to reproduce the observed data (Fig. 4.9). A
possible shortcomings of the model becomes visible by the remaining discrepancy
in Δaverage relic - which is 0.30 ± 0.05 which is six standard deviations away from a
perfect match with NVSS. This discrepancy is also depicted in Fig. 4.10. Likewise,
Δaverage relic is of by two standard deviations, indicating that the best solutions do
not always yield a sufficient match. Either the observed relic population or the NVSS
sample of radio relics contrives a very improbable configuration or, much more likely,
the used model is not fully adequate to reproduce the observed relic population.
FIGURE 4.9: Shown is the KDE distribution of the metric distances Δcount (top),
Δaverage relic (middle), Δ2DKS (middle low), and Δ𝛼int (bottom) for 72 samples at thegiven iteration steps after the initial prior parameter proposal. The selection criteria
𝝐 become more restrictive by each iteration and are indicated by a vertical line.
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FIGURE 4.10: Shown is the distance distribution for 36 models samples drawn from
the finally estimated parameters indicating a remaining discrepancy.
4.4 Exploring a model with pre-existing CR electrons
We made it to one of our the goals of this work to test if thermal pool DSA can
explain the observed radio relic population. While we found in Nuza et al. (2017)
a prescription that explains the relic population in many respects, it falls short to
explain the relics’ projected distance from the cluster-center. As already mentioned
in Sec. 1.2.2 several authors suggest that at least part of the radio relics observed could
arise due to electrons re-accelerated predominantly from the pre-existing CR-content
in galaxy clusters. We test if this assumption can lead to a better match of observed
and synthetic radio relic statistics by investigating a toy-model of ICM population of
pre-existing CRes.
4.4.1 Description of the model extension
We label this model 𝑀DSA,pre. Our approach parameterizes the pre-existing CR
electron population of the ICM by the last time 𝑡shocked since acceleration through
DSA happened: A high Mach number shock accelerates a fraction Ξratio > 1 of
thermal electrons in the ICM, at a set time 𝑡 before the current shock event. The aging
of the electrons is assumed to be dominated by synchrotron losses and the IC-process
(Eq. 1.13 - Eq. 1.14). By assuming that the accelerated CR population was accelerated
by a strong shock to a momentum distribution with an exponent of 𝑝inj = −2 this
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results in an additional emission arising from the pre-existing CR electron population
relative to the already produced emission:












with the magnetic field used being the upstream magnetic field, before amplification
through compression. This results in a boosting-factor of synchrotron emission that,
due to the momentum-power-index of the accelerated electron population, dependents
on the Mach-number (Eq. 1.22):
𝑓boost = Ξratio ⋅ 𝛾
𝑝inj−𝑝thermal, inj
boost (4.9)
with the total emission being
𝑓tot = 𝑓thermal ⋅ (1 + 𝑓boost) . (4.10)
The resulting enhancement of radio emission compared over the radio emission of our
previous model can bee seen in Fig 4.11. By using the above formula, we neglect any
FIGURE 4.11: Shown is the boosting factor 𝑓boost due to Eq. 4.9 for a 4𝜇G upstream
equivalent magnetic field strength and a pre-accelerated fraction Ξratio = 1.
change in magnetic field strength or redshift, within the time frame of the last strong
shock. The aging of the CR electron population should hence be underestimated,
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in regions where the background CMB equivalent magnetic field strength changed
significantly since the last acceleration event.
The brightness of relics that originate from pre-existing electrons is less dependent
on the Mach number of the shock, i.e. inner shocks would be brightened relative
to the outer shocks. The fact that observed relics are farther away than simulated
ones, however implies a radial dependence of the pre-existing CR electron fraction -
which we aim at modeling. We parameterize the time since the last shock through an







The slope 𝑠n derives itself from the aging time 𝑡1 at low density, the aging time 𝑡2 at





Our model of pre-existing CRes hence can cover the case of cluster-wide events with
𝑡1 = 𝑡2 as well as processes leading to a gradient of pre-existing CR electron age
across the cluster with 𝑡1 ≠ 𝑡2. It is possible to model the cause of the acceleration of
pre-existing electrons as a quasi-static process or as a stochastic independent process.
The later seems to be more likely if the pre-existing CR electron populations steems
from events like major mergers or AGN activity. Because we assume a stochastic
independent process, i.e. a Poisson-process, 𝑡shocked turns to an average waiting time
and is hence multiplied with a factor 𝑓poisson sampled from a Poisson distribution with
unit waiting time:
𝑃 (𝑇 > 𝑡) = exp (−𝑡∕𝑡shocked), (4.13)
𝑡shocked → 𝑡shocked ⋅ 𝑓poisson (4.14)
for every sampled galaxy cluster.
4.4.2 Contribution of cosmic ray electrons to the relic emission
The ABC-pmc iterations are carried out exactly like in the previous sections. An
analysis of the correlations within the set of parameters ⃖⃗𝜃 shows us that all other
parameters that were already incorporated in the previous model of DSA on thermal
pool are not significantly influenced. While the model parameters conform to a
wide range of possible pre-existing CR-electron content they mostly move within the
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initially selected prior range (Fig. 4.12) which implies that the hole expressiveness of
the model does not help in improving any metrics.
The absolute correlation of the parameters describing the pre-existing CR electron
population (Ξratio,𝑡1,𝑡2) with the parameters of the thermal-pool based DSA are all
smaller 0.1, except from the correlation between 𝑙𝑜𝑔10(𝑡1) and 𝜅 being 0.15. This
suggests that the inclusion of pre-existing electrons in the model is bound to a small
impact on the NVSS -like relic properties.
The correlation within Θratio,𝑡1, and 𝑡2 are somewhat stronger. Both 𝑡1 and 𝑡2
are positively correlated with Θratio, meaning that the overall impact of a stronger
fraction of pre-existing CRes in the DSA process is balanced by longer aging 𝑡,
corresponding to a smaller event rate. Fig 4.14 suggests that pre-existing CRes do
not have a considerable contribution to the radio relic emission at NVSS frequencies
and sensitivities (𝑆1.4,pre∕𝑆1.4,tot < 0.01).
The inferred small impact of pre-existing CRes to the pool of radio relics might be
stunning at first, but at least partially be attributed to decisions made for the sample
selection: As we assume a model of random re-acceleration events allowing for those
events widens the spread of the radio relic properties - which is not observed. Any
model with parameters that result in a significant contribution of pre-existing CRes
to the radio emission will also suffer from a large variance in the observed integrated
spectral index. Models that allow a significant contribution of pre-existing electrons
lead to radio-phoenix like objects (size of few hundred kpc, larger areal luminosity,
𝛼int < −1.5). Note that our conclusion is restricted to the relatively bright sample of
NVSS relics, after exclusion of sources that might be considered as phoenixes and by
including relics in the NVSS sample with 𝛼int > −1. We hence might be biased by
our sample selection. Future studies should consider this.
The quantities in Fig 2.7 excellently follow the correlation of NVSS, including the
strong positive correlation between 𝑃1.4 and LLS; the weaker positive correlation
between 𝛼int and 𝐷proj,pix; and the missing correlation between 𝛼int and 𝑃1.4.
Adding pre-existing CRes to the model does not yield better results for any of the
investigated metrics (Tab. 4.1). The number of free parameters however increases
by three. Any difference might be spurious and the result of noise in the posterior-
estimation by ABC-pmc . Trials that fulfill the ABC-pmc selection criteria attribute
less than one percent of their relic emission a population of pre-existing CRes. We
do conclude that the bulk of the known radio relic properties can be explained by
thermal pool DSA paired with an non-negligible detection bias towards larger and
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FIGURE 4.12: Corner-plot (Foreman-Mackey, 2016) of inferred model parameters
parameters for a model including pre-existing CRes including the ∼ 900 model trials
that fulfilled the 𝝐 requirements of the last (fifth) iteration - which we deem to have
converged: The labels on top of each 1D-histogram show the 0.5 quantile of the
marginalized distribution with the upper and lower errors referring to the +1𝜎 and
−𝜎 quantile. The density-plots show contours engulfing the sample within the 30,
60, 90 percent of highest density, respectively. The values in the lower-left of each
density-plot indicate the Pearson-correlation.
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FIGURE 4.13: Shown is the KDE distribution of the metric distances Δcount (top),
Δaverage relic (middle), Δ2DKS (middle low), and Δ𝛼int (bottom) for 500 samples atthe given iteration step. The selection criteria 𝝐 become more restrictive by each
iteration and are indicated by a vertical line.
more extended relics (𝑏pcaf ilter = 0.0±0.1). A significant contribution of pre-existing
CRes to the synchrotron emission observed for NVSS relics is disfavored.
TABLE 4.1: Metric distances of both investigated models at the last iteration, with
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FIGURE 4.14: Scatterplot matrix of 30 model trials with pre-existing CRes drawn
from the estimated PDF of the last (fifth) iteration. The fractional contribution of
the pre-existing CRes to the synchrotron emission at 1.4GHz is denoted with 𝑓pre.
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4.5 Potential of future studies
New sky surveys
Because any object already classified as radio relic within the scientific community
needed to fulfill a number of selection criteria, the sample of known radio relics yields
a number of informative measures. However, only for few radio relics images of
high physical resolution that include spectral and polarization information exist (van
Weeren et al., 2010; Owen et al., 2014; Shimwell et al., 2015; Rajpurohit et al., 2018).
Including surveys, that contain those capabilities and increase the radio relic sample,
especially towards objects with steeper spectral indices would be an efficient measure
to provide this method the information it needs to discern models with pre-existing
CRes from models without.
Wider class selection
Some detections in our simulation with a significant amount of pre-existing CRes
might be considered as phoenixes. Our used sample of diffuse radio emission contains
only radio relics and excludes radio phoenixes as well as radio haloes. A sample
that includes these two additional classes would be more sensitive to the transitive
CR-electron population and better suited to constrain the physics of the electron
acceleration in the ICM, given that the physical phenomena responsible for the latter
two classes of objects would also be covered by the model.
More pathways of cosmic ray acceleration at shocks
The remaining difference of simulations and observed relics suggests that the
parameter inference might be hampered by an over-simplified model of radio relic
generation. This leaves room for improvement and investigation of models of radio
relic generation including SDA , postshock turbulence, other forms of pre-existing
CR-electron injectionsor non-stationary shocks.
Larger cosmological simulations
Simulated relics in our study reside in less massive clusters than in NVSS (Sec. 3.3.2).
This will bias our parameter estimates to higher 𝜉𝑒. The recommended course
of action for future studies is to include the most massive clusters that form in
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simulations with 𝑉com ≫ 1 Mpc3. For example, employing the re-simulation
technique to the most massive clusters in simulations like Millenium-XXL (Angulo
et al., 2012) could help to mitigate the mass bias between NVSS and the employed
simulations (Tab. 3.1). Larger simulations would also imply larger samples of
simulated galaxy clusters, and an higher internal variance of the synthetic surveys.
This would help to reduce the unknown bias of ABC-pmc due to the limited
sampling of the cosmological simulations. We additionally recommend galaxy
cluster simulations to account for the the scaling of the observed volume with redshift
to adopt a light-cone like simulation approach (Llinares, 2017).
Different magnetic field models
The magnetic field model that we use is an simplification. For example we strictly
work with an average magnetic field model, which as shown by Rajpurohit et
al. (2018) could lead to systematical deviations in inferred radio relic properties,
especially when comparing multi-frequency observations. Within their MHD
simulation Skillman et al. (2013) find an empirical scaling relation of the magnetic





with 𝐵0 = 0.75 𝜇G for the average magnetic field and 𝑛0 = 4.0 ⋅ 10−4 cm−3 for the
saturation electron density and an average deviation of half an order of magnitude.
For densities below the saturation density the relation ⟨𝐵⟩ ∝ 𝑛e holds. Even more,
advancing one step further using a magneto-hydrodynamical simulation would allow
to retrieve the shock obliquity directly from the shock normal and the magnetic field
(Wittor et al., 2017). With a reliable model of the magnetic field in the ICM one could
focus the inference on other model parameters like the acceleration mechanisms.
New likelihood-free inference techniques
The understanding to build informative summary statistics has been made consider-
able advancement have been made in the last years (Aeschbacher et al., 2012; Prangle,
2015). Recently, Charnock et al. (2018) proposed a data-driven approach that creates
a non-linear combination out of a given set of statistics that is optimal in preserving
the Fisher information. Similarly, in the field of population-genetics Mondal et al.
(2019) employed the formalism described in Jiang et al. (2017) to find a minimal set
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of highly suited summary statistics. In addition, J. Alsing et al. (2018, Eq. 2.7) devel-
oped a more efficient particle sampling proposal and their findings for cosmological
parameter inference in Justin Alsing et al. (2018) - labeling their method Density Esti-
mation Likelihood-Free Inference, and later extended this approach to learn summary
statistics that are robust to systematic uncertainties (Justin Alsing et al., 2019).
4.6 Summary
In this chapter we aimed at finding those parameters of the model described in Cha. 3
that have most support by the NVSS sky survey. With ABC population Monte Carlo
(ABC-pmc) we adopt a method that allows us to constrain these parameters based on
statistics of radio relics. Specifically we find the PDF of parametrizations of the ICM
magnetic fields, DSA acceleration efficiency, and survey completeness - all of them
with significant correlations to each other:
• The inferred magnetic field parameters are log10(𝐵0∕𝜇G) = 1.47+0.71−0.70 and
𝜅 = 0.56+0.49−0.63. This study therefore within a large error-margin favors a
higher magnetic field strength but a similar density scaling than previous
investigations literature (Govoni et al., 2017, 𝐵 ∼ (2 ± 1)𝜇G, 𝜅 ∼ 0.5…1.0).
• The estimate of the radio relic selection bias 𝑏pca f ilter = 0.04+0.09−0.09 is strongly
correlated with the exponent 𝜅 of the density-based magnetic field scaling.
Assuming a more complete sample leads to a lower estimate of 𝜅. An estimated
40 − 60 percent of all relics above 3.6mJy flux density at 1.4GHz are still
undiscovered.
• The inferred electron acceleration efficiency log10(𝜉e) = −5.0 ± 0.2 is much
smaller than inferred by (Botteon et al., 2019), revealing systematic differences
in the approach and data base.
• Including the average spectral index as a selection criterion for models (i.e. as a
metric) leads to a more confined 𝜅 and a lower correlation of other parameters
with the selection bias.
• The statistics of radio relic properties show excellent agreement in two out of
four aspects. While the number count and the LLS-power correlation can be
well matched, a mismatch of the average projected distance of the relics from
their host clusters remains as well as a mismatch of the average spectral index
remains. This suggests, that better models of radio the origin of radio relics
should exist.
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Adding a simplified representation of pre-existing CRes to the model essentially
favors the same statistics of radio relics properties, including the remaining
discrepancy in the found distance of radio relics from their host-clusters centers. The
inferred contribution of pre-existing CRes has a wide spread with most scenarios
having virtually no contribution of pre-existing CRes to the emission (𝑓pre < 10−2).
In fact, models with a significant contribution of pre-existing CRes on the radio power
of NVSS radio relics are disfavored through the impact on the integrated spectral
index they would have.
We thereby show the viability of ABC-pmc for parameter inference and model
selection within the considered scope. Because of the scaling of the computational
requirements of ABC-pmc with the depth of any survey it is foreseeable that future
studies of this kind will facilitate the use of improved heuristics on the model sampling
and selection procedure, most likely furthered by methods of machine learning. We
also recommend future studies to consider larger simulated volumes, and upcoming
surveys like LoTSS. Due to the potential of our method we confidently recommend
to use it as a supplement to targeted studies of radio relics. Future sky surveys that
map diffuse emission in galaxy clusters in a homogeneous way will contribute to
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TABLE A.1: Non-exhaustive list of relic-hosting clusters, excluded from further
analysis. Relics are excluded when: (i) the origin is most likely not shock
acceleration, i.e. not gischt; (ii) the object was not mapped by NVSS , i.e. the
source declination is to low; (iii) the emission is too faint; (iv) the relic cluster has
a 𝑧 < 0.05, hence NVSS cannot recover the flux density, and (v) the contamination
by other sources is deemed to be too strong.
Cluster z 𝑀200 𝑆NVSS 𝑆1.4,lit Diff. Emi. References[] [1014𝑀⊙] [mJy] [mJy] RHR* mass ∣ relics(1) (2) (3) (4) (5) (6) (7)
1E 0657-55 0.296 25.1 low Dec 82.6 (∙)* Gio09 - Shi15
24P73 0.150 nan not gischt 12.8 (∙)* - Wee11b
0809+39 0.200 nan too faint,no cluster 62.6 (∙)* - Bro09
A13 0.094 4.0 not gischt 31.0 (∙)* Fer12 - Slee01
A85 0.055 9.1 not gischt 43.0 (∙)* Fer12 - Slee01
A133 0.057 5.5 not gischt 137.0 (∙)* Ebe96 - Ran10
A209 0.206 11.2 too faint 0.7 (∙)* Gio09 - Gio09
A523 0.104 3.7 too faint 61.0 (∙)* Fer12 - Wee11a
A548b 0.042 1.0 low z 121.0 (∙)* Fer12 - Fer06
A725 0.092 2.1 not gischt 6.0 (∙)* Böh00 - Kem01
A754 0.054 6.0 too faint 6.0 (∙)* Fer12 - Mac11
A768 0.076 nan not gischt 𝑛𝑎𝑛 (∙)* -
A786 0.124 nan not gischt 𝑛𝑎𝑛 (∙)* -
A910 0.205 7.6 contam.,too faint 12.1 (∙)* Ebe00 - Gov12
A959 0.288 7.8 not gischt,too faint 𝑛𝑎𝑛 (∙)* Bir19 - Bir19
A1033 0.126 9.3 not gischt 46.9 (∙)* Gas15b - Gas15b
A1367 0.022 3.2 low z,too faint 232.0 (∙)* Far13 - Far13
A1656 0.023 9.1 low z,too faint 260.0 (∙)* Fer12 - Fer12
A1758S 0.279 8.3 too faint 1.5 (∙)* -
A2048 0.097 5.4 not gischt 19.0 (∙)* Wee11b - Wee11b
A2063 0.078 3.5 not gischt 77.6 (∙)* Fer12 - Kom94
A2146 0.035 3.8 low z,too faint 1.1 (∙)* - Hla17
A2255 0.081 6.8 too faint 23.0 (∙)* Fer12 - Piz08
A2443 0.108 5.4 not gischt,contam. 6.5 (∙)* Fer12 - Coh11
A3376 0.046 3.8 low z 302.0 (∙)* Fer12 - Bag06
A3667 0.056 10.0 low Dec 1200.0 (∙)* Fer12 - Roe97
A4038 0.030 5.8 low z,not gischt 49.0 (∙)* Fer12 - Slee01
ACT-CLJ01-49 0.870 37.2 low Dec 8.6 (∙)* Lin14 - Lin14
A S753 0.014 2.3 low z,not gischt 460.0 (∙)* Sub03 - Sub03
CL 0217+70 0.066 2.6 too faint 𝑛𝑎𝑛 (∙)* Fer12 - Bro11
CL 1446+26 0.370 6.9 contam.,too faint 5.3 (∙)* Fer12 - Gov12
MACS J0025 0.586 11.5 too faint 2.3 (∙)* Ebe07 - Ris17
MACS J0152 0.413 7.9 not gischt,too faint 1.0 (∙)* - Pau19
MACS J2243 0.447 14.8 too faint 1.9 (∙)* Can16 - Can16
MaxBCG 138+25 0.324 nan not gischt 24.7 (∙)* - Wee11b
MaxBCG 217+13 0.160 3.4 not gischt,contam. 14.6 (∙)* Wee09 - Wee09
RXC J1234 0.229 11.2 too faint 3.1 (∙)* Kal15 - Kal15
S1081 0.220 nan too faint,low Dec 2.4 (∙)* - Mid08
KMA2007 0.160 3.4 not gischt 𝑛𝑎𝑛 (∙)* -
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TABLE A.2: Table of relic of sources that were subtracted from the NVSS images
to receive clean relic regions.
Cluster RA Dec flux type Θmajor Θminor 𝜃
[deg] [deg] [mJ] [ ′] [′] [deg]
(1) (2) (3) (4) (5) (6) (7) (8)
1RXS J06+42 90.933 42.196 0.8 Point
1RXS J06+42 90.940 42.229 0.6 Point
1RXS J06+42 90.963 42.226 0.6 Point
A115 -13.960 26.410 905.0 Extended 1.00 0.75 35
A115 -14.014 26.454 194.0 Extended 0.85 0.77 35
A115 -14.094 26.469 8.2 Point
A521 73.568 -9.731 15.5 Point
A746 137.185 51.550 6.9 Point
A1240 170.853 43.169 1.0 Point
A1240 170.891 43.176 0.8 Point
A1443 180.298 23.093 77.0 Point
A1612 191.969 -1.169 125.7 Extended 0.90 0.90 0
A1664 195.918 -23.682 35.0 Point
A1682 196.690 46.559 145.0 Point
A1682 196.707 46.559 3.5 Point
A1682 196.763 46.563 1.2 Point
A1682 196.692 46.561 10.2 Extended 0.90 0.75 150
A1682 196.695 46.556 16.2 Extended 0.90 0.75 150
A1758N 203.223 50.527 94.0 Extended 0.83 0.75 42
A1758N 203.236 50.529 5.0 Extended 0.83 0.75 42
A1758N 203.164 50.576 4.2 Point
A1758N 203.160 50.560 5.4 Point
A2061 229.993 30.567 4.7 Point
A2256 255.592 78.683 1.7 Extended 7.00 0.79 15
A2345 321.893 -11.817 23.8 Point
A2345 321.687 -11.875 25.3 Extended 1.00 0.75 80
A2345 321.703 -11.886 8.0 Point
A2345 321.627 -11.843 2.4 Point
A3411 130.519 -16.431 5.6 Point
A3411 130.517 -16.428 4.0 Point
A3527-bis 192.796 -35.013 5.5 Point
A3527-bis 192.792 -35.017 3.2 Extended 0.88 0.88 50
CIZA J0107 16.954 54.116 1.5 Point
CIZA J0107 16.948 54.116 3.0 Point
CIZA J0107 16.910 54.084 0.8 Point
CIZA J0107 16.966 54.150 1.0 Point
CIZA J2243 340.829 53.119 24.0 Point
CIZA J2243 340.605 52.974 6.9 Point
MACS J0717 109.391 37.757 10.7 Extended 2.30 1.50 78
MACS J0717 109.404 37.739 0.2 Extended 1.10 0.75 120
MACS J0717 109.404 37.739 9.8 Point
MACS J0717 109.386 37.750 15.4 Extended 0.95 0.75 30
MACS J1149 177.343 22.392 8.2 Point
MACS J1149 177.428 22.345 1.5 Point
PLCK G200 72.597 -2.957 1.5 Point
PLCK G200 72.568 -2.968 1.5 Point
PLCK G287 177.740 -27.967 7.0 Point
PLCK G287 177.719 -27.965 2.3 Point
PSZ1 G004 289.255 -32.492 8.0 Extended 0.90 0.80 70
PSZ1 G004 289.254 -32.493 10.3 Extended 1.10 0.80 70
PSZ1 G097 284.142 66.422 4.3 Point
PSZ1 G097 284.163 66.368 10.5 Point
ZwCl 0008 -2.837 52.529 280.0 Extended 1.20 0.81 50
ZwCl 0008 -2.802 52.544 44.0 Extended 0.85 0.85 0
ZwCl 0008 -2.844 52.473 44.0 Extended 1.40 0.75 60
ZwCl 2341 355.943 0.267 1.4 Extended 1.30 0.90 50
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Appendix B
Difference between radiative and adia-
batic MUSIC-2 simulations
Many hydrodynamic simulations tread the ICM with the adiabatic equation of state
for gas, with the ratio of specific heat Γ being 5/3. The MUSIC-2 simulations
were performed twice: Once with the adiabatic formalism and a second time with
additional radiative physics. We take this as a opportunity to investigate if these
different formalism and degrees of detail have an influence on our results. Radiative
processes are implemented to make the thermal profile of the galaxy clusters more
realistic. This physics includes cooling through bremsstrahlung and heating through
AGN and star formation. As seen in Fig. B.1 the implementation of such does change
the small-scale structures of galaxy clusters.
The ICMs bremsstrahlung facilitates the collapse from dense and isolated structures,
to galaxies. Galaxies by themselves do not emit bremsstrahlung but heat the medium
through star formation and AGN feedback. Kang et al. (2007) and Pfrommer et
al. (2007) investigated the impact of radiative physics on the thermal profiles and
shock properties of galaxy clusters. They found a remarkable similarity for adiabatic
simulations and those with additional radiative physics. We ask if our synthetic survey
the notion of Skillman et al. (2013) that adiabatic simulations might be sufficient
to simulated cluster-wide shocks, and even be favored to make a disentanglement
between . To facilitate a direct comparison, for both physics models we create survey
products with an identical choice of mock-clusters and cluster orientations. We use
the same magnetic field model used by Nuza et al. (2017) and choose an efficiency
which leads to the detection of around 100 relic cluster from 𝑧 = 0.0…0.7 at NVSS
-like resolution and frequency the survey.
In agreement with Kang et al., 2007, Fig.1 we see that implementation of radiative
physics leads to the formation of galaxies and stars (see Fig. B.2). The rightmost panel
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FIGURE B.1: Projection of the bolometric bremsstrahlung emission (particles above
3000K) of the most massive cluster in MUSIC-2 without (left) and with cooling &
star formation (right). Both radiative and adiabatic simulations lead to a similar
merging state of galaxy clusters.
FIGURE B.2: Shown is the temperature 𝑇 and density 𝑛e assigned to SPH particles
with  > 1.5 in mock clusters with relic detections for adiabatic (top) and radiative
(down) simulations. Plotted are particle numbers (left, logarithmic color-scale)
average Mach number (middle), and radio power (right). The red line shows the
boundaries of a former particle filter in the phase space that is not used anymore for
this study. In agreement with Skillman et al. (2013), within the adiabatic simulation
the majority of relic emission happens in a particular region of the temperature,
electron number density, and Mach number phase space. In contrast, for the radiative
simulation, the majority of emission is found for particles that are not attributed to
the hot ICM.
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of Fig. B.2 shows that, the distribution of radio emission in the density-temperature
phase space is vastly different. While the Mach-numbers in the virial region of
the radiative simulation are in average weaker there is more emission found in the
transition region from virial to the hot ICM .
In fact this emission dominates by far the ICM radio emission for our particular
radiative simulation. This emission predominantly does not show up as ICM shocks
but as small (< 200 kpc) structures. with high surface brightness. Due to our best
knowledge these shocks arise from the numerical implementation of galaxy heating
by AGN feedback.
As we want to quantify if the relics in the cooling simulation differ from those in the
non-cooling one we have to do a separation between relics and AGN /galaxy induced
shocks. We accomplish this by a particle filter in the phase-space of particle properties
and in the image plane removes most of the contaminating emission. Density and
temperature space are chosen such that the detections of the adiabatic simulation are
fully included.
Due to a limited resolution most large scale cosmological simulations will include this
confusion with shocks from star/galaxy feedback. In future it will remain paramount
for relic studies to further disentangle these shocks, which might simply arise from
the feedback scheme from cluster merger shocks. Hence, our methods to disentangle
them might remain relevant.
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Appendix C
Parameter inference with a Monte-
Carlo-Markov-Chain
We used the tool pymc3 (Salvatier et al., 2016) to infer the model parameters via a
Monte-Carlo-Markov-Chain process and plotted the inferred results in Fig.C.1. The
distribution shows an uncorrelated estimate of the two parameters 𝜇 and 𝜎 with the
same offset and uncertainty in the parameter estimation as created via ABC.
FIGURE C.1: Shown is the result of previous inference task with a so-called Markov-
Chain-Monte-Carlo process; plotted via corner (Foreman-Mackey, 2016). The
black, crossed line in the 2D-density plot denote the true parameter values.
122
Appendix D
Runtime requirements of ABCPMC
and performance improvements
We took several measures to limit the runtime of the ABC-pmc process to less then
one week:
I) Parallelization: Using more CPUs per run would speeds up the hole procedure
if the process is CPU-power limited. In most off our cases the computation is
however limited. Most notably is the need to read each dataset once per model
evaluation. One might decrease this need by letting each process compute more
than one model or in general by making the datasets available to the working
memory. Because of the input/output (I/O) limitation we focus our measures
on decreasing I/O.
II) Restricted sampling to clusters with likely detections: Severe speed-ups can be
achieved when only considering those cluster in the (redshift,Mass) plane that
also show detections in the real world survey. Not considering all clusters will
decrease the strength of the ABC approach. We use the criterion defined by
Eq. 3.20 to reduce the number of MUSIC-2 clusters that have to be simulated
by more than 70 percent.
III) Restricted to resolution elements linked to radio emission: The computation
of radio brightness and subsequent binning has to be run over each resolution
elements. By choosing the few % of elements from which we would expect
most of our emission we can speed up this procedure dramatically. For our
analysis we use only consider shocked particles with 𝑀 > 1.5. Due to this
measure we are able to reduce the file size by an factor of 25. These particle
filters are only viable for the generation of the radio-maps. X-Ray maps need
the full number of particles - but luckily the generation of this can be limited
to the small fraction of clusters that actually show a radio relic.
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IV) Optimized I/O: We increased the load speed of cluster files through usage of
Solid-State-Disk (SSD) memory by a factor of about 10. For our initially I/O
limited procedure we were able to reduce the load time, so that the tasks is now
CPU limited. Combined with I) and II) we limit the data-set that has to be read
from memory to 2000 files of 5 MB each i.e. 10 GB per model evaluation.
With a hard disk drive (HDD) we reach a read speed of ∼ 20GB per minute,
SSD performance was 200GB per minute.
With this approach one can compute about two model-realizations/hour/core in
MUSIC-2 for the standard DSA model. A future routine would strongly benefit from
further performance improvements. The usage of computing clusters, optimizing the
most resource-consuming subroutines, and graphics processing unit (GPU) usage are
some options. Note that ABC of this scope is only viable, because we perform it in a
post-processing manner: The most costly part i.e. the cosmological simulation itself
is not redone. Performing ABC on the cosmological simulation in its whole would
require considerable advances in the forward modeling of galaxy-cluster mergers and
is out of scope of this work.
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List of Abbreviations
ABC approximate Bayesian computation 11–13
ABC-pmc ABC population Monte Carlo 12
AGN active galactic nuclei 8, 10
CPU central processing unit 12
CR cosmic ray 3
DSA diffusive shock acceleration 3, 13
GPU graphics processing unit 13
HDD hard disk drive 13
I/O input/output 12
ICM intracluster medium 3, 8, 9
MUSIC-2 Marenostrum-MultiDark SImulations of galaxy Clusters second
simulation suite 8, 9, 12, 13
NVSS NRAO VLA Sky Survey 6–8
SPH smoothed particle hydrodynamics 9
SSD Solid-State-Disk 12, 13
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